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CHAPTER I 


ELEMENTARY PROPERTIES OP PLUIDS. 

PRESSURE 

1. Matter or substance is broadly divided into two classes, 
(1) solids which have definite size and shape under ordinary 
circamstances, and (2) fluids which have no definite shape 
and which take up the forms of the vessels containing 
them Fluids again are of two kinds, liquids w'hich have 
definite volume and gases which have no definite volumes 
and have the x)roperty of filling up the whole sjiace of the 
enclosing vessel 

j Hydrostatics is the br an ch o f mathematics which deal s 
with t he equihjjrium of a mass of fluid (or of a solid m 
contact w'lth fluids at rest) under the influence of a given 
system of foicea. 

2. Density of a substance is defined as its mass per unit 
volume . For example, the density of water is 02 5 lbs per 
cu foot, or 1 gramme per cu cm Thus we see that the 
measure of density depends on the units of mass and volume 
that are chosen 

A body is said to be homogeneous (or of uniform density) 
if ec|ual volumes of it, how ever small, have equal niMses 
Otherwise the body is said to be heterogeneous (or of variable 
densRj^ 

The definition of density given above holds for homo¬ 
geneous bodies For heterogeneous bodies we define it as 
follows 

Consider an element of the body enclosing a point P , let 

ftt 

its mass be m and volume v Then the limit of the ratio - - 

V 
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when V tends to zero is said to be the density at the point P 
It follows that if Q be the density at the point P and dv 
an element of volume of the substance surrounding P, its 
mass will be qdv* 

Specific gravity or relative density of a substance la the 
ratio which it s density bears to the density of some standard 
^bs tance, usu al ly water . It is therefore an absolute 
number, unlike the ordinary density. If s be the specific 
gravity of a homogeneous body of volume v, and q denote 
the density of water (or the standard substance), then the 
density of the body is denoted by qs (in terms of the units 
of mass and volume chosen), its mass is (osv) and its 
weight is (gQSv) where g denotes the acceleration due to 
gravity The value of g is approximately 32-2 ft sec. units 
or 961 cm. sec units. 

We have seen before that the measure of density depends 
upon the units chosen ; but the value of the specific gravity 
is independent of these units For this reason specific 
gravity is preferred to density, and is shortly denoted by 
sp gr. 

Let m, V and m', v' be the masses and the volumes of 
some quantities of a homogeneous substance and of water 

respectively. Then their densities are ^ and “. 

the sp gr of the substance = —, ^ 

From this we get the followmg particular cases, wliich are 
often taken as definitions of specific gravity 

If V =v, the sp. gr. = -, 

_ mass of the substance 

~ mass of equal volume of standard substance (water)'''' ^ 

• This will be true up to first order of smallness, and so can be 
used along with mfinitesimals of first order only 
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V 

If m' = m, the sp gr = ~ 

_ volume of e qual maas of standard substance (water) 

volume of the substance ■ \ ) 

3. Fluid Pressure. Common expenence tells us that 
fluids do not practically offer any resistance to an effort 
made to separate a part from the rest * If, for example, a 
blade of knife or a thin plane lamma be moved in its plane 
acioss a fluid, very little resistance is expeneiiced. This 
and similar examples show that in a mass of fluid at rest 
there does not practically exist, between the different 
elements of the fluid or between its elements and those of 
an adjoining substance, a force of the nature of friction 
(the shearing stress) Therefore, the force between two 
adjoining portions of the fluid separated by an element of 
surface or between a portion of the fluid and a solid in 
contact with it along an element of surface, is wholly 
normal to this element This force is called the pressure 
exeived by the fluid, or simply fluid-pressure. The exist¬ 
ence of this force can be demonstrated by moving a lamina 
through a fluid at right angles to the plane of the lamina. 

But when flmds are in motion the former force is seen to 
exist, more or less, side by side with the normal pressure 
This has led to the concejition of a purely theoretical sub¬ 
stance known as perfect flutd, which is defined as one 
yielding at once to the slightest effort made to separate a 
,part from the rest 

The followmg analogous definition can be given to 
ordinary fluids : 

An ordrnaru fluidAa a substance which yields to any 
small effort made to divide i t provided the e ffort be con¬ 
tinued lon^enough 

* The case when a fluid is suddenly struck is an exception to this, 
the force being a very great force acting for a very short tune. 


*4 
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The fundamental property of the fluid, which has been 
discussed above, is often expressed in the form that the 
pressure of a perfect fluid or of any ordinary fluid at rest 
is always normal to the surface with which it is in con¬ 
tact. The surface just mentioned may be the surface of 
separation between the fluid and a solid, between the 
fluid and another fluid or between two portions of the 
same fluid. 

We have seen that the fluids are of two kmds, liquids 
and gases. The former may be said to be incompressible 
fluids because their volumes do not change to any appreci¬ 
able extent, the latter are compressible or elastic fluids 
A perfect liquid is the name given to an absolutely mcom- 
pressible fluid , like a perfect fluid, it is an imaginary 
substance 

4. Measure of Fluid Pressure. Pressure at a point. Con¬ 
sider a plane area m contact with a mass of fluid at rest 
This area is acted upon by the fluid, i e. the fluid exerts 
pressure on it Some force P is therefore necessary to 
keep the area in position by counterbalancing the action 
of the fluid P would the n measure the fluid pressure on 
the whole area If P be proportional to the area of the 
plane whatever be its extent, or in other words, if the 
action of the fluid be uniform over the area, the pressure 
on the area is said to be uniform If, however, the action 
of the fluid be different on equal portions of the area, the 
pressure is varying In the first case the pressure at every 

p 

point of the plane is defined as A being the measure of 

the area When the pressure is varymg we proceed thus • 
We take a small portion of the plane, of area a, enclosing a 
pomt Q, and let p be the pressure exerted by the fluid on 

the element Then the limit of the ratio - as a tends to 

a 
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zero, is defined as the presnure at the point Q * Thus, if Pi 
denotes the pressure at the point Q and dA denotes an 
element of area enclosing Q, the fluid pressure on the area 
will be p^dA This will be correct up to small quantities of 
the first order (SeeFootnote, Art 2, jiage2 ) To be strictly 
accurate, the pressure on the element should be taken as 
{p + a)dA, where a is a quantity of the first order, at least, 
of smallness, since the pressure is not strictly uniform over 
the element ; p + a might be called the mean pressure on it 

Fluid pressure or a surface consists therefore of forces 
acting normally on every element of the surface in the 
direction from the fluid to Che surface If the surface be 
plane the forces form a system of parallel forces , but if it 
be curved the pressure on its elements will be in different 
directions So, the pressure on it cannot be said to be 
uniform m this case, even though its magnitude be the 
same at all points of the surface 

Fluid pressure is sometimes spoken of as fluid thrust. 

5. Pressure at a point in a mass of fluid at rest is the same 
III every direction 

Take a point A within a mass of fluid at rest and draw 
an elementary right prism havnng any iight-angled triangle 
ABC as base, the angle A of 
the triangle being the right 
angle The lengths a, b, c of 
the edges AR, AC, AA' respec¬ 
tively, are small but arbitrary 
in magnitude, all being taken 
to bo of the first order of small¬ 
ness The portion of the fluid 
enclosed within this prism is at rest because the whole mass 
of the fluid IS at rest The forces wfliich act on this element 

* ]t IS easy to see that this mode of defining the pressure at a 
point can be applied to the first case also It is therefore taken as the 
general defimtion 


b' 
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are (1) the resultant of the impressed forces * which will 
he proportional to the mass of the element, ( 2 ) the pressures 
on the triangular ends, and (3) the pressures on the rect¬ 
angular (lateral) faces Smce these are in equilibrium, the 
sum of their resolved parts in any direction will be zero 
Let us resolve in the direction AB. The force (1) will 
have (Qahc.. k Q,oe, (p) as its component where q is the 
density of the fluid element, 9 ) is the angle between AB 
and the direction of the force and k the constant of varia¬ 
tion The forces (2) and the pressure on the face AB' have 
no component The pressure on the face BC acts normally 
to it, and therefore it makes an angle (180°- lAGB) with 
the direction AB. Denoting the 2 'res 8 ure 8 at A in the 
directions AB, AC and perpendicular to BC by p,, 
and Pa, we get, therefore. 

Pi. 6 c -pg. c . BC cos ACB + gabck cos f=0 .(1) 

or Pi 6 c -pg 6 c + qabck cos 97 = 0 , 

or Pg =Pi -e qak cos 93 . 

Now, let the elementary jinsm diminish indefinitely in 
size so that ultimately o= 0 , and the prism dwindles into 
the point A Then we shall get 

Similarly it can be jiroved, by resolving in the direction 
of AC, that P 3 = P 2 

■ ■ Pi=Pz-=Pz, .( 2 ) 

i e the pressures at the point A, in the directions AB, AC 
and perpendicular to BC are the same By altering the 
ratio a 6 we can get pg to be in any direction that we like , 
hence the proposition is jiroved 

Note. The actual pressures on faces AC and BC are 
(Pi -f- a^bc and (pg + a)c . BC, by Art 4 In the above 

Tins will be the weight of the elementary prism, if gravity be 
the only external force acting on the fluid mass 
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demonstration we have omitted the second part of each 
as being terms of higher order of smallness than the first 
part But as m equation (1) the third term of the left- 
hand member, which is also of higher order, is included, 
we should not have omitted the above-mentioned terms if 
we want to be quite rigorous All the same, the final 
result will not be affected. Taking all the terms, we get, 
instead of (1), 

{Pi + o^]bc - {pa + a)c BO cos ACB + qabck cos q) =0, 
whence Pa =Pi + cos q + a^- a 

Proceeding to the hmit, a, and a vanish ultimately ; 

therefore we have pa =Pi, as before 

Tlie above tiieorem means that if we take an elementary 
plane area through a given point in a mass of fluid at rest, 
the fluid pressure on it will be the same in magnitude (but 
not in direction) whatever be the orientation of the plane. 

6 . Transmissibility of Liquid Pressure. This fundamental 
principle, known as Pascal’s law, can be enunciated thus • 
If a pressure be apphed to any portion of the surface of a 
liquid at rest, it is transmitted equally to all parts of the fluid 
The property of the liquids stated above is a direct 
consequence of experimental facts and can be demon¬ 
strated by suitable experiments But a theoretical proof 
can also be given on the basis of the definitions given before 

A gezezuziiziziid B 

To show that a pressure ap 2 ihed to a point A in the 
liquid induces an equal pressure at any other point B, also 
in the liquid Firstly, suppose that the straight line AB 
lies wholly in the liquid Round AR as axis describe a 
cyhnder of small cross-section a, and consider the equi¬ 
librium of the portion of the liquid enclosed within the 
cylinder It will be at rest since the whole mass of the 
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liquid IS at rest The forces on this cylinder are (1) the 
pressures pa and p'a on the ends A and B where p, p' 
denote the pressures at A, B respectively . these forces act 
along AB or BA , (2) the pressures on the curved surface 
which are at every point perpendicular to AB , and (3) the 
resultant external force which has a component, say F, 
along AB Resolving them along AB, we have 

F 

pa-p'a+ F =(i, or p'-p= — 

This shows that if an additional pressure is introduced at 
A, an equal pressure must automatically come into play 
at B in order that this equation may be 
B satisfied 

Next suppose that the straight hne A B 
£ lies partly outside the liquid We can, 
however, connect A to R by means of a 
number of connected straight lines AC. 
CD, DE, EB, as in Fig 3, each of which 
lies entirely withm the liquid Then, by 
the proposition just proved, the additional pressure at 
A = the additional pressure at (7 = th at at D = . = that at B 

•7. Bramah’s Press or Hydraulic Press. The principle 
given in the foregoing article is utilised m practice in the 
hydraulic press The object 
of this machine is to multiply 
a comparatively small force 
into a much larger one 
It consists principally of 
(Fig 4)two vertical cylinders 
A and B fitted with water¬ 
tight pistons C and D. One 
of these cylinders, B, is much 
wider than the other The wder cylinder has a tube E 
near its base leading to the other cylmder The lower parts 
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of the cylinders and the tube E contain water. The power 
IS applied to the piston C by means of the lever L This 
force IS conveyed through the water to the piston D of the 
bigger cylinder 

Suppose the areas of the pistons C and D are c and d 
respectively , let F be the force applied to the piston C, 
which induces a pressure p (given by pc = F) at every point 
of water in contact with it This pressure p is transmitted 
(by Pascal's law) to every ])oint of water in contact with the 
piston I) Therefore the total foice called into action on 

D IS pd or X the applied power^. Thus, the greater the 

ratio d c the greater would be the force that would be 
exerted upwards on D An equal pressure acts, at the 
same time, on the material of which the machine is made. 
It i.s not practicable to multiply the effort indefinitely, 
because some part of the machine may give way before the 
tremendous force to which it is subjected 

It may be observed, since the volume of w'ater remains 
unchanged, that ch^d/i', wheic h and h' are the di.stances 
through which the justons C' and D may be moved 
. pc h=pd h', 

or force on piston C xh = force on piston D x h', 
or work done on piston C = work done on piston D 
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THEOREMS RELATING TO PRESSURES OP FLUIDS 
AT REST UNDER GRAVITY 
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8 . The pressure of a mass of fluid at rest under gravity 
alone is the same at every point on the same horizontal plane 
Let A and B be any two points within the fluid in the 
same horizontal line, and let the line AB be wholly within 

the fluid. About AR as 
axis describe a cylinder 
of small cross-section a 
Let the pressures at the 
points A and Rbe denoted 
hyp, and pe respectively 
Consider the equilibrium of the cylinder of fluid and 
resolve the forces acting on it along AB. The pressures at 
the two ends are the only forces which have components 
(or which act) in this direction Hence, p, + a and pi, +a', 
denoting mean pressures on the two ends (Art 4), 

(p .1 + <r)a = (p«-I-cr')a, or in the limit Pj =Pi, .. . (1) 


no. B 


since a, a' vanish in the limit. 

The case when the line AR does not wholly lie within 
the fluid (which is homogeneous) will be discussed in a 
subsequent article (Art. 13). 


Note. The proposition would not hold if there were 
other forces, besides gravity, acting on the elements of the 
fluid, for example, in the case of a mass of fluid which is 
enclosed within a vessel made of flexible material, subject 
to a number of forces actmg at diSerent points of the 
flexible surface. Hence, in all succeeding discussions we 

10 
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shall assume, unless statement is made to the contrary that 
the fluid IS at rest under gravity only 

9. The pressure at a point A {offluid) vertically below B, ex¬ 
ceeds the pressure atBby the weight of the column of fluid between 
A and B (the area of the cross-section being taken as unity) 

(i) Let the fluid be homogeneous of density q and let 
BA =h About AB as axis draw a cylinder of small cross- 
section a Since the liquid enclosed 
bj this cylinder is in equihbnum, 
we obtain, by resolving the forces 
(acting on it) vertically, 

(p^ ‘ra)a~ipB + afa+ggha, 
or p^=p„+gQh + a' -a. 
in the limit, 

p.i=p,i + geh=p„-trwh, ...(2)) 
w denoting the weight of the liquid per unit volume 

(ii) If the fluid consists of a number of layers of different 
fluids (which do not mix) between A and B, the above 
equation will take the form 

[p, +a)a = (])„^ a')a+gQfiia+gQfi2a + ..., 

W'here h^ is the depth of the fluid of density gj, is that 
of a second fluid of density q ^, ... starting from A to B. 
Therefore we shall obtain 

PA=Pe + gQi\+gQj^i + - 1 

=?)«+«'’A ■■■! .' 

the w's denoting the weights of unit volumes of the corres- 
jiondmg fluids 

The result (2) for a homogeneous fluid is sometimes 
stated as follou's 

The diflerence of the pressures at two points varies as 
the difference of their depths or as the vertical di stanc e 
between the points. That is, 

Pi -Po^ggh, or -p„ oc h. 



Fig 6 
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But this statement does not indicate which of the two 
pressures is the greater , nor does it apply to non-homo- 
geneous fluids 

10. If the pomt B be on the free surface of a homogeneous 
fluid, and if the value of the pressure at the free surface be 
zero, the equation (2) gives 

.(4) 

i e the pressure at a depth h below the free surface (of 
zero pressure) is equal to the weight of the column of fluid 
above the pomt A (the cross-section of the column being 
taken as unity, as before) 

If, however, B be on the free surface of the uppermost 
fluid, where the pressure is zero, the equation (3) reduces to 

Pi=geA+gQ2fh + .. ] . 

=wji^ + wji^ + ’ 

a result which can be included m the above statement 

11. In the case of liquids, the results (4) and (5) will 
hold only if there be no pressure at the free surface But, 
as usually is the ease, the free surface is the surface of 
separation from the atmosphere, where the pressure is dif¬ 
ferent from zero The pressure at any point of tins suifa.ee 
18 called the pressure dve io atmosphere, or the atmospheri c 
pressure. It is generally denoted by the height of a column 
of mercury or of water Thus, the expression that the 
atmospheric pressure is 30 incJies of mercury or 34 feet of 
water, means that the value of the pressure is equal to the 
weight of a column of mercury of height 30 inches or of a 
column of water of height 34 feet, i e the pressure = w x 30, 
where iv is the weight of mercury per cu. in , or =iv’ x 34, 
where w' is the weight of water per cu ft 

As atmosphere is a heterogeneous fluid, its pressure at 
any point on the surface of the earth is equal in general to 
the weight of the column of air just above the point But 
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neither the height of the atmosphere nor the law of its 
density is known to us, and so we cannot utilise this result 
to determine the magnitude of the pressure It is deter- 
mmed by an instrument known as the barometer (see 
Chapter IX) ‘ Water barometer stands at h feet ’ is 
equivalent to the statement that the atmospheric pressure 
18 equal to a column of water of height h feet 

Let n denote the atmospheric pressure, then the 
pressure at depth h of a homogeneous liquid will be given, 
from (2), by 

p = 'i\+gQh = U.+wh .( 6 ) 

If 11 =gQh^ or wh^, a surface at a height above the free 
surface (the surface of separation from atmosphere) of the 
given homogeneous Ut^uid is called its effective surface The 
pressure at any point of the liquid will then be proportional 
to its depth below the effective surface, for 

p = 11 + wh =w{hi +h)=g(){h^ +h) 

Comparing this with (4) we see that the eftective surface 
may be regarded as a surface of zero pressure 

12. The equation (0) shows that the pre.ssure at a depth 
h below the free surface of a homogeneous liquid is equal 
to the sum of the atmospheric pressure and the weight of a 
column of the liquid of height equal to h 

The previous results arc established on the assumption 
that the whole length of the line AB (Art !)) lies within the 
liquid We shall presently show that (0) or its equivalent 
statement given above holds even if AB or the vertical 
line drawn from the point at a depth h to meet the plane 
of the free surface docs not he wholly within the liquid 
In the accompanying diagram, the vertical line through A 
does not meet the free surface of the liquid The free 
surface is the meeting surface with the atmosphere (or the 
surface of zero pressure, if it exists). The pomt C, although 
on the bounding surface of the liquid, is not on the free 
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auriace. In Fig 7, HK or MN is the free surface ; let the 
vertical through A meet its plane at B'. Then we shall 

have, as in (6), 

Pj=11+w AB' 

= ll+g '5 AB'. 

To show this, connect 
A to B (a point on HE) 
by means of vertical and 
horizontal lines, A C, CD, 
DE, EF and FB, so that each line hes wholly m the liquid. 
From Arts. 8 and 9, 

Pa + . AC=Pb+w .AC 
=Pe-v} ED+w.AC 
=Pr + w . {AC - ED) 

+ w{AG - ED + BF) 

= n+w.AB', 

since Pji = n and AC - ED + BF =AB'. 

13. We are now in a position to extend the proof of 
Art. 8 to the case when the whole of the horizontal line 
]ommg the two pomts does not he in the hquid. Let C and L 
(Fig. 7) be two points in the liquid m the same horizontal 
level. Join C to A by means of horizontal and vertical 
lines CD, DE, EF and FL Then, as m the last article. 

Pc =Pi> =Ph - w ED =Pf.-w . ED 
LF-w ED=p^, 

since LF = DE. 

14. If two fluids which do not mix are in equilibrium in 
contact with each other, their surface of separation is a 
horizontal plane. 

The two fluids may be a gas and a liquid, or both of them 
may be liquids ; but rarely they are two gases, because the 
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gases possess the power of mixing w'lth each other with 
comparative ease—a process known as diffusion 
Let A and B be any two points on 
the common surface. It is to be 
proved that AB is horizontal Take 
two points C, D in the lower liquid 
in the same horizontal level, C verti¬ 
cally below A and D below B If 
AG = BD, then AB would be parallel 
to CD and therefore horizontal 
If possible let AL > BD, so that 
AB \B not horizontal From A draw the horizontal hne 
AB', meetmg DB produced in B' ; then B is in the upper 
licpiid Then, by Art 8, 

and Pc=Pd- 
Vc-pA=pj<-Pii' 

by Art. 9, gq AO =gQ.DB+gQ' BB', 
where q, q' are the densities of the lower and the upper 
liquids 

Q{AO-BD)-e'BB'=^0, 
or because AC = B'D, ~ q') ■ BB' =0, 

which is impossible, since neither (p - p') nor BB' is zero. 
Hence AB must be horizontal It follows therefore that 
the surface of separation is a horizontal plane. 

15. If a liquid is at rest in contact with atmosphere, its 
free surface is a horizontal plane , so would be its effective 
surface (or surface of zero pressure) 

For let A and B be two points (Fig 8) on the effective 
surface , then p.,=Pfl=0 By Art 8, AB must be hori¬ 
zontal Otherwise thus 

Pc^gq AG Sind Po^gq BD ; since p^^pr,, AC = BD. 
Therefore AB is parallel to CD and thus horizontal. 
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It is charactenstic of fluids that the lower of the two 
fluids m contact shall be denser than the other, i e. the 
density of the lower fluid> the density of the upper. 

Another characteristic of liquids is expressed by saying 
that a liquid always finds its ow'n level It means that 
when two vessels containing the same liquid are put into 
communication with each other, the liquids in the two 
vessels get themselves adjusted till the levels form parts of 
the same horizontal plane In other words, the two dif¬ 
ferent parts of the surface of separation of the liquid from 
the atmosphere are in one plane, as m Fig 7, HK and MN 
are m the same level This follow's from the previous 
theorem, by taking A, G and B, D (Fig 8) m the two 
vessels respectively Then Pc=Pi> t>y Art 13, although 
the hne CD does not he wholly in the liquid, and the proof 
follows exactly as in Art 14 This is true only when the 
liqmds in the two vessels are of the same kind / 

16. Illustrative Examples. Ex I A rectangular cistern 
whose dimensions are 2 ft, 3 ft and 2 ft is filled with equal 
volumes of w'ater and oil (sp gr 0 7) Find (1) the pressure 
at any point of the base, (2) the pressure on the-w'hole 
base, the atmospheric prcssuie being equal to 30 inches of 
mercury (sp gr 13 6) 

Smce the dejith of the cistern is 2 ft , the dejiths of oil 
and water are 1 foot each Weight of unit A olume of oil is 
0 7 times, and that of mercury 13 6 times the weight of 
umt volume of water Also 1 cu ft of water w^eighs 62 5 lb. 
atmospheric jiressure = wt of a column of mercury 

30 inches high (of unit 
cross-section) 

= 13 6x625x»' lb. 

= 2125 lbs weight. 

This 18 the value of pressure per sq foot, smce one foot is 
taken as unit of length. 
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Pressure at any point of the base is, by Arts 9 and 11, 
= 2125 lb 

= 2125 Ib. +(02-5 X 1) lb +(0-7 x 62-5 x 1) lb 
= 2125 lb +62-5 lb +43 75 lb =2231-25 lbs weight. 

Since the base is horizontal, the pressure at every point 
18 the same and equal to the above value Therefore the 
pressure on the whole base 

= area of the base x pressure at a point 
= (2 X 3) X 2231 25 lb 
= 13387-5 lbs weight ) 

'^Ex 2 A closed hollow vessel is in the shape of a cone 
with the base which is horizontal and downwards , water 
18 poured into it through a small hole at the vertex till the 
vessel IS full Find the pressure at any point of the base, 
and show that the total jiressure on the base is three times 
the weight of the water contained, if the atmospheric 
pressure be neglected 

Let P be any point on the base , draw PQ vertical meet¬ 
ing the cone at Q It should be noted that Q is not on the 
free surface of water in the ves.scl, since there 
IS water, at a higher level than this, and since 
it does Jiot ho on the common surface of the 
atmosiihere and water The free surface is 
at A, although it is of very small area, 
being in size equal to that of the aperture 
at the point. Connect P to A by means of 
horizontals and voiticals such as PQ, QE, EA 
or PD, DA Then, neglecting atmosjiheric pressure, the 
pressure at P 

= iu{PQ + EA) or Ml DA, 

where iv denotes the weight of unit volume of water 
Since the base is horizontal, the pressure at every 
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point is the i^ame. Therefore the total pressure on the 

Nbe 

* —w. DA X = w . n . BD^ . DA 

= 3 times the weight of water occuppng the cone. 

Note. If the cone were completely closed and just full 
of water, the free surface would still be at A, since there is 
no liquid at a higher level than this , and the pressure here 
wuld actually be zero.'^ 

Ex. 3 A cyhndrical vessel is fitted with a heavy top 
which rests on the nm of the vessel. There is a long vertical 
tube attached to the cylinder just near its top Liquid of 
density q is poured m through this tube till it fills the 
vessel and a part of the tube Find the height of the liquid 
in the tube so that the top be just lifted 

Let AB=h be the length of the vertical tube occupied 
by,the liquid when the top BC is just hfted ; let the weight 
of the hd be W. The pressure of the liquid at 
every point of the lid is upwards (Art 4) and 
= U.+gQh, because the free surface (at A) is at 
a height h above its plane, IT is the atmos¬ 
pheric pressure. 

the total pressure on the hd = {ggh + 11) A, 
where A denotes its area When this pressure 
just balances the weight W of the lid and the 
air pressure IIA on its top, the hd is on the 
point of bemg hfted. Therefore the height h is 
given by gghA = W. 

Ex 4. A U-tube of uniform cross-section con¬ 
tains some mercury. Water is then poured mto 
one limb and occupies a length of 6 inches Find the 
distance through which the mercury level in the other hmb 
is raised Sp. gr of mercury is 13-6. 

Let A, B denote the imtial levels of mercury ; they are 
in the same horizontal plane. Let DA' be the length of 
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water poured, and let B' be the mercury level in the other 
limb. It is obvious that the level A ‘is depressed to A' 
and the level B raised to B', so that 
AA'===BB'—x inches (say). Take two 
points in the lower liquid and at the same 
level. The pressures at these points are 
equal by Art. 8 Take the two points to 
be A' and G. Then pj,=yi+w . DA' and 
Pr = n + 13-6i« B'G, where 11 represents 
the atmospheric pressure. Hence equat¬ 
ing we get 

DA'=13-6 . R'U, or 6 = 13-6 x 2a:. 

3 

•• *“13-6“68‘. 

Note. In equating pressures at two points on the same 
horizontal level care must be taken m selectmg the two 
points in the same liquid, for, m the above example the 
line joining the two points does not he wholly in the hquid 
as in Art 8 , nor is the fluid homogeneous (».e of the same 
density from D to B‘) as in Art. 13. For example, the 
pressure at B' = II, whilst the pressure at E (on the same 
horizontal level) ~n +w DE , and these are not equal. 

This difiiculty can also be evaded by taking the values of 
the two pressures at the same point, one due to each level, 
VIZ D and B' The most convement point for this purpose 
is the lowest point of the tube. Next example shows how 
this can be done ) 

/ ' 

Ex. 5. A circular tube of uniform thin bore is half filled 
vi^ith equal volumes of three hquids (which do not mix) of 
sp. gr. 3, 4 and 6 , and is kept with its plane vertical Find 
the inclination, to the vertical, of the diameter joining the 
two free surfaces of the fluid 

Let AD be the diameter m question, the arcs AB, BC, 
CD bemg the lengths occupied by the three hqmds. Then 
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L AOB = L BOC = L COD = 60“ It is clear that BC is the 
heaviest hqmd (since it is lowest) and CD the lightest 

(smce it occupies the highest 
position) Let the angle DOL = d, 
EOL being the vertical diameter 
Draw DL, AK, CH, BF perpen¬ 
diculars to EOL Then the pres¬ 
sure (pt) at the lowest point E 
IS due to the liquid ABE as also 
due to the liquid ECD. There¬ 
fore these two values for must 
be equal Let w be the weight 
of unit volume of water 
Pg = pressure due to A BE 
= 6u; FE +4:W . FK 
= piessure due to ECD 
6w EH -I- 2w . HL. 



Also, 


Pf 


Hence equating and removing the common factor w, 
QFE+4.FK^QEH^ or 4 FK = QFH + 3HL 
Substituting their values in terms of 6, we get, if a = radius 
of the circle, 

4a[cos (6 - 60°) - cos 0] 

= 6a[cos (9 - 60“) - cos (120“ - 0)J 
+ 3a[cos 9 -)-cos(120“ - 0)1, 


whence we shall have 


tan 



EXAMPLES. 1. 

[N.B —Atmospheric pressure should be neglected in solving 
^the followmg examples unless imbcations are to the contrary ] 
Water is to be supplied to a town from a reservoir, the 
flow of water being regulated by giavity only If the pipes 
can bear a maximum pressure ot 150 lbs per sq. m , find how 
high can the level of water in the reservoir be above the 
average level of the town. [1 cu. ft of water weighs 62 5 lb ] 
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A right circular coiio which is placed with its axis vertical 
and vertex downwards contains glycerine (sp. gr. 1'25) to a 
depth of 8 m Seven times as much water m volume is then 
added to the top of the glycerine If the two liquids do not 
mix, find the pressure in lbs (per sq ft ) at the lowest point 
of the cone, the atmospheric jiressuro being due to a column 
of water of height 32 ft 

'/a. If a triangle be immersed in a liomogeneoiis liquid, prove 
that the sum of the pressures at the vertices is equal to three 
timps the pressure at the centroid of the triangle. 

4. The pressuies at two points A and JS in a homogeneous 
liquid are p and p' Bxjiiess the jiressure at the point M 
which divides A B in ti.e ratio ni n, in terms of p, p'. 

If a parallelogram be immeised m any manner in a 
homogeneous liquul, prove that the .sum of the pressures at 
the extremities oi each diagonal is the .same 

6 If theie aie « heavy fluids ariangod in strata of equal 

thickness d, whose densitic.^ are q, 2q, 3g, . iiq, beginning 

from the uppermost, find the pie.s,sure at any jioint of the base 
of the lowest stratum , hence (iiove that the piessuie at any 
point of a fluid whose density vanes as the depth is propor¬ 
tional to the square of the depth 

7 If vessels whose ba.ses are horizontal and equal m area 
contain the same h(|uid, prove that the total pie.ssure on the 
base of each vessel i.s proportional to the dejitli of the liquid in 
it and does not depend on the foiin of the .sides of the vessels. 

^ 8. A long tube of thin uniform bore is iii the form of three 
sides of a lectaiigle, tho midfllo .side being hoiizontal and the 
others vertical , the length of the hoiizontal portion i.s 4 m 
Mercury (.sp gr 13 6) is jiouied in fiom one end and water 
fiom the other If morcury occupies a length 9 m of the tube 
and water 17 in , find tho iiosition of tho surface of separation 
of the tw o liquids 

9. in the above example, what must lie the length of the 
tube occupied by ineicuiy .so that tho common suiface be at 
the middle jioint of tho hoiizontal tube, watoi occupying a 
length 17 in ’ How much w'ator must now be added on the 
top of the morcuiy .so tliat the common surface may shift to a 
i>*>rner ’ 

10 Two cylindrical vessels whose lengths are a and b are 
placed on the same horizontal plane, and are connected at the 
bases by a short tube of thin bore If two liquids which do not 
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mix and whose densities are q and g' fill the vessels completely, 
determme the lengths of the vessels occupied by each liquid. 
[Neglect the volume of the connecting tube, and takasr$.> q' 
and b >a.] 

^ A thin tube, whose two straight branches are inclined at 
'an angle a, contains two liquids which do not mix When 
one of the branches is held vertically, the liquids meet at the 
angle of the tube ; if now the tube be held with the other 
branch vertical, prove that the length of the liquid that 
remains m this branch is (cos a) tunes the length of the liquid 
that was previously in it. 


A tube of the form of a complete circle, fixed in a 
vertical plane, contains equal leng^ths of four liquids which do 
not mix and whose sp. gr. are as 1 • 2 : 4 . 3, fillmg the tube 
in this order Find the inclinations to the vertical of the two 
iJjametera jommg the points of division of the liqmds. 

13. A thin uniform tube, m the form of a circle whose plane 
IS vertical, contains equal lengths of four liquids whose densities 
are as 3 : 4 : 6 : 5, which fill half the tube. The liquids do not 
mix with one another, and they remam in the tube in the given 
order of their densities. Find the inclination, m the position 
of equilibrium, of the diameter jommg the free ends, to the 
vertical. 


. 14, A tube of fine uniform bore and length (a + b), whose 
plane ends are perpendicular to its length, is bent into the 
form of an angle The longer arm whose length is ci is kept 
vertical and the other arm is closed by a loose-fittmg cap of 
weight W, at the upper end The tube contains liquid which 
fills the oblique arm and part of the vertical one. It is ob,served 
that the cap is just being lifted when the lengths of the liquid 
in the two arms are equal. Show that TF=6w(sec a - 1), 
where a is the angle between the arms and w is the weight of 
unit length of the liquid 

^il5. A fine tube of umform bore, bent into the form of an 
arc of a parabola bounded bv a. do uble qydma te equal to twice 
the latus rectum, is held^wlJBm's' axis vertical and vertex 
downwards. It is filled with three liquids (which do not mix) 
whose densities taken in order are as 10 . 13 . 2. If the line 
joming the points of separation of the liquids passes through 
the focus of the parabola, show that its mclmation to the 
vertical is 60°. 
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16. A closed tube in the form of an ellipse with its major 
axis vertical, is filled with three liquids-of densities pj, gj, gj 
Pi is the poult of separation of liquids of densities gj, q, , Pj 
that of liquids ol densities g,, gj; and Pj that of liquids gj 
and gi- If the distances of Pj, 1\, Pj from the same focus be 
^ 1 . fs respectively, prove that 

^ Mea - ea) +^a(ea - Gi) +»‘s^ei - fia) =0- 

17.1 A large spherical shell of small imiform thickness and' 
weight W, IS just full of water A small circular part of the 
shell has been cut out some distance from the top of the 
sphere and hinged at the top of the aperture, fitting the latter 
closely so as to be watertight. If W' be the weight of water 
filling the shell, proxe that no water escapes through the 
aperture if the angular distance of the aperture from me top 

3If' 

of the shell be less than co3“‘ ™ 

IV + on 



CHAPTER III 

PRESSURE ON l4.ANE AREAS. CENTRE OF 
PRESSURE 

17. We have seen that fluids exert normal forces (called 
fluid-jiressure) on every element of the surfaces with which 
they are in contact In the case of a plane surface the 
pressures on all elements form a system of parallel forces, 
and hence their resultant can be obtained by the rule of 
compounding parallel forces The magnitude of this 
resultant will be equal to the sum of the pressures on all 
the elements, and its Ime of action can be determined by 
the rule given in Statics The point where this line meets 
the plane is called its centre of pressure As the magnitudes 
of the pressures on the various elements change with the 
position of the plane area, it is clear that the position of 
the centre of piessure depends, in general, on that of the 
area relative to the fluid (or fluids) with which it is in 
contact 

18. To determine the magnitude of the total or resultant 
pressure on a plane area in contact with fluid (i) We shall 
first consider the case of a homogeneous fluid, the pressure 
on whose free surface is zero. Let the measure of the area 
be A Divide the whole area mto small elements such as 
a at a point P , let the depth of P below the free surface 
be z, and w be the weight of unit volume of the fluid Then 

the pressure on the element a—wza, 
from Art 10, (4) 

.'. summing up for all the elements, we get total pressure 
= lu’za = wSza = wzA *= ggzA .(1) 

'— 24 - . l~ 
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where z denotes the depth of the centre of gravity of the 
area [since from Statics the coordinates of the c g are 

given by formulae of the ty|je ^ = Thus we 

get the useful theorem ■ 

The resultant pressure of a homogeneous fluid on a plane 
area is equal to the product of the depth of the c g of the area 
below the surface {where pressure is zero), the measure of the 
area and the weight of unit volume of the fluid 

(ii) We shall next take the effect of the pressure of the 
atmosphere, i e we sliall take the pressure at any point of 
the free surface of the fluid to be II, the atmospheric 
pressure In this case, 

the pressure on the element a = (ll+tu 2 ).a 
= lla + M' 2 « 

summing, we get the total pressure 

= 2f\[a+Zu'za = {Il+wz)A . .. . (2) 

If.n =ivhi where h^ is the height of the effective surface 
above the free surface (Ait 11), the total pressure iS given 

w{hi+z)A, or v'Z^A, . (3) 

where is the depth of the’ eg of the area below the 
effective surface Since the pressure at the effective 
surface is zero, it is evident that this result can be included 
in the theorem given above 

19. Let us next suppose that the fluid consists of layers 
of different liquids of densities p,, pj, ... p„ and of depths 
h^, h^, ... h^ respectively beginning from the top, and that 
the area is entirely in contact with the lowermost hquid 
All the surfaces of separation are horizontal planes, the 
uppermost being the free surface of the whole mass of 
the fluid , let the pressure at this surface be zero and the 
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d6pth of the poiq^i/^fof the*area below the lowest surface 
of separation be i. Then the pressure at P 

= + nM + — + 9Qn-lK-i + 9Qrfi> 

by Art 10 (6). Therefore the total pressure on the area 

= Ea [gQjii + + - • - + ffer-A-i + 9Qrfl) 

=(9'eA+9'eA + -"+£ren-A-i+8'9«2)A, .(4) 

where z denotes the depth of the c g of the area below the 
lowest surface of separation. If, howevfc, the atmospheric 
pressure, 11, is taken into account, it is given by 

(II +gQi\ +;7eA+ -• +9Qn-iK-\ +9Q«^H> . (5) 

as can be proved easily. 

If the plane area be m contact with more than one fluid, 
we divide it into several parts, each of which is in contact 
with one fluid only. The pressures on each part will be 
given by the help of the above formulae and their sum is 
the total pressure required. 

The above formulae will be of use when we know the 
magmtude of the area and the position of its c g Other¬ 
wise we have to determine them before we can use the 
formulae. The following general method enables us to 
calculate directly the total pressure on the area , the cases 
where the c g or the measure of the area is not readily 
obtamed, can be better treated by the process indicated in 
the next article. 

20. Take the mtersection of the plane of the area with 
the free surface of the hquid if it is homogeneous, or with 
that of the topmost liquid if it consists of a number of 
layers of different hquids, as the axis of x and any con¬ 
venient perpendicular line in the plane as the axis of y 
It will simphfy the calculation if the axis of y be an axis 
of symmetry of the area. Divide the area mto thm parallel 
strips by hnes drawn parallel to Ox, one of them being 
indicated in the figure as PQQ'P'. Let xOL be the free 
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surface, ON — y, ON' =y +dy Since the strip is horizontal 
and of infinitesimal breadth, the mean value of the pressure 
over this area will be Pjt-*-a where a is an infinitesimal. 
Therefore the pressure over the strip 

= (pjf + a) PQdy=py PQdy . (6) 

up to first order, the higher order terms being neglected. 
In subsequent articles we shall take this value of the 


X 



liressure over such elementary strips , the rule to be 
followed 18 that the product of the area of the element and 
the pressure at any convenient point in it gives the pressure 
on the element up to first order * 

Thus the pressure on the element 

=gQ NB . PQdy^ggy sm a PQdy, 
if the liquid is homogeneous and the pressure at the free 
surface is zero 

the pressure on the whole area = 1 ggy sm aPQdy, 

the limits of integration being chosen to cover the whole 
area, thus the total pressure 

PB P/I 

= gQsma I yPQdy^ggam a\ ydA .(7) 

* Those who do not want such rigour may at once take the pres¬ 
sure on the element to be pjf . PQdy^ the argument being that the 
pressure at any point of the strip is the same. 
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This would give the result as grp sin a yS, as before, where 
S IS the value of the area, since the ordinate // of the c g 
is, in Statics, given by 

y <Sf = |y</A. 

The general formula for the total pressure is, however, 

I p^PQdy, or j" p, dA .. .. .. (8) 

If the atmospheric pressure is to be takim into considera¬ 
tion, Pj must be replaced by ll+gpysmu, and if the 
liquid 18 not homogeneous the value of p, that should be 
used is that given in Art 10 (5) The value of PQ can be 
determined from the shape of the boundary of the area 

21. Examples. Ex 1 Find the pressure on a triangular 
area, the depths of whose veiticcs are /(j, ^ 3 > 

liquid bemg homogeneous 

The depth of the c g of the triangle is given by 

i {^1 + ^2 + 

■. total pressure, by (1), \v'{h^+ll^ + h 3 )A 


Ex 2 A rectangular area is in contact with two liquids 
of densities Oj and , the depth of the lighter liquid (of 
density p,) is h If the area has its 
_ side a on the surface of the upper 
liquid and the side b vertical, 
calculate the pressure on the rect¬ 
angle 

Let EF denote the surface of 
separation. Then BE =h Pres¬ 
sure on rect AE, by (1), 

= 9Qi 9 ah=-\gQpi}P, 


FlO 14 


and that on rect ED , a{p -h) 


, a{b-h), 


o 
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by (4). Hence the total pressure on the whole rectangle is 
their sura, which is, after simplification, 

= IgQiOh (26 -h) + Igg^n [b - hy 
Ex 3 In the last example, if fl-rid h = lb, show 

how to divide the area by a horizontal line so that the 
pressures on the t\io parts may be equal 

Let (Fig 14) ^ F be the required line ; let BX =x. Then 
pressure on rect ^IX is obtained by jmttmg x for b, for 
h and = in the previous result Thus it is 
3W9o,(?[62-86.r+32.c2] 

And the pressure on rect XD, by (4), 

= lgQi(il3b- + bi -4j^I 

Since the pressures are eipial, we have, by equating, 
b^-Sbx + 32i^=^24b^ + Hbx- 32x^ 
or 64,i2-106r-2362=-0, 

.. .r = J (2\^6 + 1)6, neglecting the negative root 

Not'’. Instead of calculating the piessure on the rect XI), 
we might have calculated that of the whole rect , which is 
from last example Then the pressure on rect 
AX = -i pressure on rect AC', whence the value of x can be 
determined 

< Ex 4 Find the jiressure on 
a quadrant of a circle placed 
with one radius horizontal and 
at a slant depth b below the 
surface, the radius being a and 
the inclination of the jilane to 
the free surface being a 

We proceed as in Art 20, 
and take the other radni.s CB a.s the y-axis Let PQQ'P' 
be tile element, and let 

lP'CQ' = 0, and LQ'CQ=^dO. 
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'Then the area of element =P'Q'. PP' = a sm 0. add. sm.,0 , 
since PP' = projection of QQ '; and pressure at P' 

= QQ . OP' sin a=gQ(b+a cos 6) sm a 
pressure on the element 

= gQa^ sm^ d{b+a cos d) sin add 
the total pressure 

fW2 

= gga®sinttj {b + a cos d) sm^ Odd 
sin a(3ji6+4o). 

The same result would be obtained by formula (1), the 
c.g. of the area bemg at a distance from CA. 


^ Ex. 5. An ellipse is placed with its mmor axis on the 
surface of water and its plane vertical; a circle is described 
on the minor axis as diameter. Find the pressure of water 
on the portion of the area enclosed between the eUipse and 
the circle 


First method. Pressure on the area required = pressure on 
semi-ellipse - pressure on the semi-circle 


4a ^6^ 46 


, from Art. 18 (1), 



smce the c g.’s of the semi- 
elhpse and the semi-circle 

are at distances - from 

o7C 07t 

the centre 0 (on the axis OA), 
A different method is given 
below. 

Second method Divide the 
area into thin vertical strips 
hke PQQ'P' (as shewn in the 


figure). Let the distance of PQ from Oy be x and the thick¬ 


ness of the strip be dx. 
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Pressure on the strip = wj x area x depth of its c g. 

= w X - y,) dx-Kl {y, + 2 /,i) 

Now y^:=a‘^(\ -^ 2 ^ and y,? = b^-x^, since Q is on the 
ellipse and P on the circle. 

the total pressure =1" ^ (a^ - 6^) - ^ 2 ^ dx 

= ^wb{a^ -b'^). 

The division of the area (m the above case) into hori-^ 
zontal strips is not so convenient, since we shall get two 
different expressions for the area of the strip according as 
it is above or below the point G. 


EXAMPLES. 2. 

1. The portion of a sloping embankment, which is in contact 
with water of a reservoir, is 200 ft. by 25 ft and the depth of 
water in the reservoir is 16 ft. Fmd the resultant fluid thrust 
oiythe embankment. [1 cu. ft of water weighs 62 5 lbs.] 

'*^2. A cube, each edge of which is 6 inches m length, lies at 
the bottom of a tank (full of water) 5 feet deep. Calculate in 
lbs. the lesultant fluid pressure on the upper horizontal face 
and on one of the vertical faces of the cube, assummg the 
height of water barometer to be 34 ft 

• 3. A rectangular vessel is full of water ; compare the fluid 
pressures on the lower and the upper halves of a vertical side 
of the vessel 

4. One-third of a rectangular vessel is fllled with mercury 
(sp gr 13 6) and the remamder with salt water (sp. gr. b04). 
Determine the fluid thrust on a vortical side. 

• 5. An equilateral triangular prism is completely immersed 
m water with one lateral edge m the surface and one lateral 
face vertical Show that the fluid thrusts on the three lateral 
faces are as 1 2:3 
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(6^ The resultant fluid pleasure on a vertical circle of radius 
a IS equal to twice the weight of a sphere (of the same liquid) 
of radius a. The circle is now lowered through a depth equal 
to^o Find the fluid thrust in the new position. 

r 7. The comer A of the triangle ^ 5C', whose plane is vertical, 
IS fixed at a depth h below the surface of a homogeneous liquid. 
The triangle is turned round this point in its plane and is 
always completely immersed Determine the position,? of the 
taangle when the fluid thrust on it is maximum and mmimum 
Compare the values of tliese thrusts 

8. A closed conical vessel is just filled with water and the 
whole IS suspended from a point of the i iin of the base Neglect- 
ing*the weight of the vessel, calculate the fluid thrust on the 
base in the position of equilibrium, given that the radius of 
the base is r and the semi-vertical angle of the cone is a. 

■ 9. A hollow weightless hemisphere (with base) is filled with 
a liquid and suspended freely from a point m the nm of its 
base. Determine the resultant pie.s.sur6 on the base [The 
distance of the c g of a hemispherical volume from the centre 
IS I of the radius J 

10. A triangular area is immersed m a homogeneous fluid 
with the vertex m the surface and tlio base lionzontal Civo 
constructions for dtawing a horizontal lino which would divide 
the area into two portions the fluid thrusts on which are equal 


LI. The hghtcjr of two hcpiids, of s^ensity q, rests on the 
other (density a) to a dejith b A square of side a is immeised 
with its plane \eitical and one side m the .suilaco of the 
up]ier hqmci Prove that the fluid tliriists on the two jioitions 
of the square in contact with the two licjuids will be equal, 
p^’ided that ‘ib > 2a find that a(a - 6)'* - Qb(^h - 2a) 

12. The lighter of two fluids which do not mix and whose 
sp gr are as 2 3, tests on the heavier to a depth of 4 inches 
A square is imrneised with one .side in tlie upper surface, its 
plane bemg vertical Show that the length of a side of the 
square, in order that the tbiu.sts on the two portions in the 
two liquids may be equal, will be 5-55 inches approximately. 

13. A rectangle A BCD is immersed in a homogeneous liquid 
with the side AB in the surface and AC vertical. Show how 
to divide the area by a straight line through A so that the 
fl^d thrusts on the two poitions may be equal 


14. A hollow regular tetrahedron is filled with liquid of 
density g and held so that two opposite edges (length a) are 
horizontal. Fmd the thi usts on its faces 
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15 . A circular area is imnioised ui a lioinogeiioous liquid 
touchmg the surface at the point .d Diaw a chord BC of the 
circle perpendicular to tho diameter A I), so that the pressure 
on the tiiangle A BC may he a maximum , also find the ratio 
of fluid thrusts, m this ease, on tho tiiangle and the eiiclo. 


16 . A hollow closed pyiamid is ol weight W and height h, 
ihs base is a scpiaro of side a, and tho slant edges are all equal. 
It is kept with the base hoiizoiital and is partially filled with 
W’ater thiough a hole at the \oitex What will bo tho depth 
of water inside the pyiamid so that tho sum of the V’ertical 
components of the fluid thrusts on tho four lateral faces is 
equal to W 1 

(B A layei of water rests upon a liquid of sp gr 1 5 with 
which it does not mix A triangle of altitude h js immersed 
vertically m tho two liquids so that tho base of the triangle 13 
ill the surface of water It the thrusts on the two parts of the 
triangle, which are in contact with the two liquids, be equal, 
show that the depth x of the water satisfies the equation 


7i.^ - 9hx^ - 3h^x + 3h^=0 

' A rectangular vessel contains n heavy liquids, arranged 
iirSTrata of equal thickness, whose den.sities are q, 2 (>, 3(5, . ng 
beginning from the top Find the fluid thrust on one of its 
v'ortical sides , also those on the two halves into which this 
JS ihvided by a diagonal 

A lectangle is itnmcised in a homogeneous liquid with 
one of its edge.s 011 tho surface Show how to divide the area, 
by Jmnzontal lines, mto n parts, tho tin lists on winch aie equal. 

f 2 W A semi-circle is immeised vertically m a liquid with the 
diameter m tho surface , .show- how to divide it mto n sectors 
such that tho pressure on each may bo the same 

21 A rectangular area ABC I) is subject to fluid pressure 
which 1.S given by the expression fp'(x) at a distance x from 


AB If AB =a, BC —b, prove that the total pressure on the 
aiea is 171(6) - ^(o) 

22 . A regular tetrahedron is full of water and is hold 
with one edge horizontal and the opposite edge inclined at an 
angle a to the horizon Show that tho pressures 011 the two 
faces through the horizontal edge are 

j’, -v/Sica^lsin a ± \i '2 cos a) and jh V'6iaa®( \i '2 sm u ±cos a), 
where a is the length of an edge of the tetrahedron and w is the 
weight of unit volume of water. 



H HYDROSTATICS 

23. A solid right prism whose base is the triangle ABC is 
kept immersed m a homogeneous liqmd with the two bases 
vertical. If the prism be rotated about a horizontal axis 
through its c.g , show that 

P cosec A + Q cosec B + R cosec C 

remams unaltered, where P, Q, R denote the fluid thrusts on 
the lateral faces through BG, CA, AB respectively. 


22. Determination of the Centre of Pressure of a Plane 
Area. The term centre of pressure, which is generally 
written as c p , is defined m Art 17 We shall, at present, 
discuss the geometrical methods of its determination For 
that purpose the following theorem would be found useful: 

The centre of pressure of a plane area hes vertically beneath 
the centre of gravity of the superincumbent fluid 

If from every point of the perimeter of the area verticals 
are drawn to meet the free surface (where the pressure is 


, zero), the volume of the 

fluid enclosed by these 
lines and the plane area 
IS called the superin¬ 
cumbent fluid 
Let ABC be the area 
and A'B'C be its pro¬ 
jection on the free 
^ surface Consider the 
equilibrium of the 
supermeumbent fluid. The forces acting on it are (1) its 
weight acting vertically downwards through its c g G*; (2) 
normal pressure on base ARC which is equal and opposite to 
the fluid thrust on the area ABC and therefore acting at its 
c.p., P; (3) normal pressure on face A'B'C, which is zero by 
assumption , and (4) pressure on the curved surface, which 




IS horizontal at every pomt The vertical components of 
these forces must themselves form a system in equih- 
brium. They are: the weight of the volume at O and the 
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vertical component of the fluid thrust on the area acting 
at P Hence they must act along the same line, so that 
QP is vertical, which proves the theorem. 


23. Let ML' be the intersection (Eig 17) of the plane of 
the area with the free surface Divide the area ABC into 
small elements such as a at Q, and draw the cyhnder QQ' 
The pressure on this element =^pa QQ'=gQa . MQ sm Q 
where Q is the angle between the plane ABC and the free 
surface Therefore the fluid pressure on the area is equal 
to the system of prcs.sure8 like gqa . MQ sm 0 at Q. 

Now, if the area A BC be turned round ML', the angle 6 
will change to some other value 6' (say), whilst MQ remains 
unaltered m length for every element Therefore the 
pressure on every element will be changed in the ratio 

sin iirossure on the element at Q in its new 

position IS obviously gQa MQ sin O' From statics we 
know that if the magnitude of every force of a system 
of parallel forces acting at given points be changed in a 
constant ratio, the position of the centre of the parallel 
forces IS not affected In this case the origmal system of 

pressures has been changed in the ratio ^ , therefore 

(ke position of the c p of the area does not change relative to 
the area by the rotation of its plane about ML'. 

The above result enables us to determine the c p. of a 
vertical area, although there would be no superincumbent 
liquid in this case Suppose the area to be moved round 
its intersection with the free surface, and the c.p. of the 
area can be determined in the mclined position The same 
point would give the position of the c.p in the vertical 
position also 

Let the area (Fig 17) be turned about ML' till it lies on 
the free surface , the same pomt P will denote the c p. of 
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the area in any position, except the final one So long as 
the plane of the area is inchned to the horizontal, however 
small the inchnation may be, the above theorem holds. 
But when the plane lies on the free surface (where the 
pressure is zero) the pressure vanishes, and so the c p has 
no meanmg for this position 


24. We can use the method of Art 22 with advantage in 
the followmg cases, the results of w'hich are important and 
should be remembered 

(i) A rectangle ABCD, with one side AB in the surface 
of a homogeneous fluid 

The form of the superincumbent fluid is a triangular 
prism. Therefore its c g. is the centroid 0 of the middle 

scctionHLil/ Draw GP 
vertical {i e parallel to 
ML) to meet HL in P 
Then P is the c p re¬ 
quired 

From the figures, 

HP PL^HG GK 
= 2 1 . 

FlO 18 



Hence the c p divides 
the line joining the mid-pomts of horizontal sides in the 
ratio 2-1 Its distance from the surface-hne AB is ^HL 

orlAD . ... .( 9 ) 

(ii) A triangle ABC with one side AJ5 in the surface of 
the liquid 

The superincumbent liquid in this case is a tetrahedron 
Therefore its c g G lies m the plane CDB and divides CP 
in the ratio 3 1, wheie F is the centroid of the triangle 
ABD Draw GP vertical to meet CE in P , then P is the 
c p required Draw FH jiarallel to GP Since F divides 
ED in the ratio 1 • 2 and FH is parallel to CD , 

.-. EH=^\EC, or HC^lEC 
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Again, HP ■ PC = FG GC = \ 3 Therefore 
CP^IHG^IEC' 

Hence P bisects the median EC of the triangle ABC ... (10) 


B 



(ni) A triangle ABC with vertex A in tlie surface of the 
liquid and the base BC horizontal 

The superincumbent lujuid is in tlie form of a pyramid 
with A as vertex and the lectangle BCED as the base 
Therefore its c g O’lies on 
AH, H being the middle 
point of KF, the line 
joining the imd-points of 
HE and BC Draw GP 
vertical meeting AF in 
P , then P IS the c jt 
required Now, 

AP PF=AG OH 
= 3 1, 

■ AP = IAF (the median of the triangle ABC) .. (11) 

25. As the c ji is the centre of a .sy.stehi of parallel forces 
(jiressures on elements of area)^.we can utilise methods 
analogous to the determination of the c g (given m Statics) 
of a body. For example 

Given the position of the c p and the pressinr on each of 
the hvo portions into which an aiea is divided, to find the c p 
of the whole area 


A 
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Let Pj, Pj be the c p. and pj, be the pressures on the 
two portions A and B respectively That is, we are given 

that the pressure p^ on A acts 
at P] and the pressure 
acts at P 2 , and we are required to 
find where the total pressure, viz 
(V\ +^ 2)1 on the whole area wiU 
act This total pressure is clearly 
the resultant of p^ and p^, and 
therefore acts at P (on the straight line joining Pj^, Pj) such 
that PPi: PPj =P 2 Pv This gives the position of P 
Agam, if the c p and the pressures on the whole area and 
on one of the parts be given, to find the c p of the other part 
Let P, Pj be the c p , and p, p^ be the jiressures on the 
whole area and the part A respectively Then the jiressure 
p (on the whole area) will be the resultant of the pressure p^ 
(on A) and the pressure p-pi (on the part B) , let the last 
act at Pj Then P 1 PP 2 is a straight line and 

PP2.PPi=Pi p-Pi, 

thus giving the c p required 


26. Given the positions of the c p and the eg of an area in 
a given position, to find the c p of the area when it is shifted 
parallel to itself to a greater depth 

Let Q be the c g and P the c p of the area in the first 
position and lct<^nd^|t/lenote their depths below the free 
surface of the liquid , we shall assume that there is no 
pressure at the free surface 

Divide the area into elements, Uj, a^, a„ ... and let 
h„ denote the depth of the element a„ Then the pressure 
on this element is gQaJin and the resultant of all such 
pressures is the pressure gqAz actmg at P (Art 18). 

Next, take the area to a further depth d, the depth of 
every element being increased by d, so that the pressure 
on the element a„ is now gQa„{h„+d). This pressure can 
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be divided into two parts, gqaji^ and gQda^ Similarly for 
every other element Thus the system of pressures is 
divided mto two other systems • 

(i) pressures go acting on and 

(ii) pressures gQda„ acting on a„. 

The resultant of the first is ggAz acting at P (by hypothesis), 
whilst that of the second is ggdA acting at 0 (since gQda„ 
would denote the weight of the clement u„ if ggd were the 
weight per unit areo, and the total w'eight of the elements 
would then act at the c g of the area) The resultant of 
these two resultants w'lll be the total pressure on the area 
at the new depth Hence the rule of compounding like 
parallel forces gives that the new position, P', of the c p. 
IS on OP and is such that 

OP' P'P = goAz gqdA =z d . 

.■ depth of P' (m the new position of the area) 

_z(h+d) +d {z+d) 

~ z+d ’ .. 

since the depths of G and P are now z+d and h+d 
respectively 

OP' z 

From (12), we get by componendo, 

This show's that as d increases, OP' diminishes , but it is 
never zero, for its vanishing would require d to be infinite 
Thus the c p of an area is always below its c g and their 
distance diminishes as the depth of the c g increases 

If the area is lowered so that the c g describes a vertical 
line it IS easy to sec that the c p approaches this hne as 
the depth is increased , that is, the vertical hne is an 
asymptote to the locus of the c p in space 

27. In the following worked out examples, the plane of 
the area is taken to be vertical for the sake of simplicity. 


( 12 ) 

.(13) 
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The same formulae will give the c p of the areas in inclined 
positions if the vertical depths are replaced by slant depths 
measured down the plane 


Ex 1 Find the c p of a triangle at any depth, one side 
being horizontal 

There may be two cases according as the horizontal side 

We shall consider thd second 
case 

Let the depth of A below 
the surface be Aj and that of 
iJ or C be 

If A were on the surface, 
the c p of the triangle would 
have been on the median AE 
so that AP = IAE In this 
jiosition 2 = depth of the c g , 
= 3 (/< 2 -/tj) The triangle requires to bo lowered 
through a depth in order to bring it to the given 
position Tlierefoie the c p , P', lies on OP (Art 26), so 
that 

OP' ap=i{h.,-h^) 


18 uppermost or loweirnost 



B D E C 

I'Kl 22 


= 2(*2“^i) 2^2+^^! 


] AE. 


*. depth of P' —depth of G +projectioii of GP' on AD 

^2h2+h,\ (^2 

3 6 2^2 + ^*! 

_1 3 ^ 2 ^+ + 2 ^ 2 ^] 

2 2/12 ”(■ 


This result could have been directly obtained from the 
formula (13) When the side EC is uppermost we can 
arrive at the very formula by a similar process ^ 
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Ex 2 Find the c p of a trapezium, one of its parallel 
sides being on the surface 

Divide the area into two triangles ABC and ADC Let 
AB = a, CD = h, altitude of 
the trapezium ^ h 

Pressure on A ABC is 
^ggah^, acting at P,, the mid¬ 
point of CE (Arts 18 and 24) 

Pressure on LACD is 
^gghh^, acting at which 
divides A F in the ratio 2 1 

the c p , P, of the trapezium is on P 1 P 2 (Art 25), 
such that 

PjP PP^^iggbfi.^ lgnaK^^2b a 
The depths of P^ and Pj are \h and \h res^iectively. 
Therefore the depth ot P is given by 

26 \h+a \h h a + 'ib 
'2i>+a ' 2 a -i- 26 

Note. If we divide the area into thin horizontal strips, 
the pressures on which act at their middle points (since 
t he piess urc is uniform over each atriji), we get a system of 
pressures acting at the middle points of the strips, i e on 

points on til 0 hne EF There- 
1 _ L fore their resultant must act 

at a ])omt on EF, that is to 
say, tJie c p of the area must 
be on EF So EF and P^P^ 
necessarily uitersect at P 

Ek 3 If the depths of the 
vertices A, P, U of a triangle 
2 /], 2 / 2 , iJi, find the depth 
of the c p of the triangle 
FuH method Divide the 
triangle into two others by the horizontal line BD 
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Pressure on hABD = gq . \BD {y^ - «/i) . i ( 2/1 + ‘2^y^ 
^IqqBD . (2/2-2/3) (22/2+ 2/1), 
and the depth of its 0 p , P^, 

^1 32/2^+2/1^+22/12/2 
2 22/2 + 2/1 ’ 

from Ex. 1. 

Similarly, the pressure on A BDC 

= \gQBD . (^3 - y^) {y^ + ; 

and the depth of its c p , P^, 

= . ^yi+ V i+‘^ysyz 

2 22/2+2/3 

by Art 25, the c p , P, of the whole aABC divides 
PjPj m the ratio 

{y^ - 2/1) (22/2 + Vi) ■ {ya - Va) {Va + ^Vi)- 

Hence the depth of P 

= [i (2/2 - 2/1) {^ya^ +2/1^+22/12/3) 

+ H2/3 - 2/2) (32/2* + ^3* + 2^32/2)] 

+-[(2/2 -2/1) (22/2 +2/1) + (2/3 - 2 / 2)(^3 +2^3)] 
2/1* + 2/2* + 2/3* + 2/1 ^2 + 2 /22/3 + 2/s2/i 
2 2/1 + 2/2 +^3 

after removing the common factor ( 1/3 -r/i). 

Second method Let A be the highest vertex Take AB, 
AG as axes of x and y. Consider an element, a, of the area 
at Q whose coordinates are (*, y). Draw QK parallel to 
BA , then QK=x, AK^y. Let the mclmations of the 
axes of X and y to the vertical be d and /? respec¬ 
tively. Draw the medians AD, BE and GF Also draw 
KH, AM perpendiculars to the vertical QL drawn from 
Q to meet the surface. Let A denote the area of the 
A A PC'. 
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Pressure on element at Q 

=^gQa.QL=gQa <QH +HM + ML) 

^gga . (x cos 6 +y cos + 2 / 1 ) 

Similarly for pressures on other elements, we thus get a 
system of pressures or parallel forces We can divide this 
system into the three following systems (of parallel forces) : 

(1) System of forces ggax cos 0 acting at every element a 
at (x, y) To find the resultant of this system let us assume 



y 

Fig 25 

the triangle ABC immersed in a liquid with AC in the 
surface Then the pressure on the clement a would have 
been gg'xa sin BAG, since the distance of Q from AC is 
X sin BAC Let the density q' of the liquid be 

= Q cos d/sin BAC ( =a constant). 

Thus we have the pressure on the element =grpax cos 0 
The resultant liquid pressure would therefore be 

c c 

gg' A . g sin BAC or ggA ^ cos 6 

at the middle pomt N of the median BE (Arts 18 and 24) 
This resultant force at N can be replaced by two equal 
forces, each = JgpAc cos d, at D and at F. 
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( 2 ) System of forces gqa cos ^ y at every element, 
which can be reduced to two equal forces, each 

= ^gQAb cos fi, 

at D and at E, as in the case of the first system 

(3) System of forces gQay-i at every element, which is 
equivalent to ggy^A acting at the c g of the /\ABC (cf. 
Art 26), which again can be replaced by three equal 
forces, each = JgpyjA, at D, at E and at F 

Thus the whole system reduces to throe forces, viz 
{y^ + cos 6 + \b cos fl) at D, JgrpA {y^ + Jfi cos (i) at 
E and ^goA (y, + Ic cos 0) at F 
But c cos 0 = 1/2 - i/j and b cos /f =^3 - y, 
forces at D, E and F are 


1 

3 





(-S-) 


respectively , i e they are ^ggA times their respective 
depths Hence the following impoitant result . 

The whole system of fluid pressures on the elements of a 
triangle ABC {and therefore the total fluid, pressure, on the 
triangle) is equivalent to three parallel forces at D, E, F, 
equal to ^ggA times the depths of the respective jioints of 
action Therefore the c p of the triangle must coincide with 
the centre of the three forces at D E. F 

the depth of the c p 


y-i+ds ,//3+ yi+y^ 

2 2 ^2 ^ 


removing the common factor iggA from above and below, 

or yi+yi+ y_t_ +Mi 

2 ^1+1/2+2/3 
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Note. If a:,, X 2 , Xg be the abscissae of A, B, C referred to 
some suitable line m the plane of the triangle perpendicular 
to LL', the above theorem gives the abscissa of the c p as 





(fc±ii). 


( Vi+ y^ 

A 2 


Xi 4- a 2 "t .^3 "t 


a’i?/i+-e2'/2+''»'3.y3 


'/i +2/2+ 1/3 

The ordinate (or depth) of the c p can be put m a 
similar form • 


1 

4 


2/1 + 2/2 + ?/3 + 


Vx +yi + yj ^ 

2/1+^2+2/3 - 


Another and shorter method of deducing these results 
will be given in the next chapter 


28. In the above investigations the effect of the atmo¬ 
sphere is neglected If this is to be taken into consideration 
we fiist determine the effective surface of the liquid (Art 11) 
and determine the c p of the area by taking this effective 
surface as the free surface, as in Art 26 


EXAMPLES. 3. 

Fmd the positions of the c ]) of the following areas 

1 A parallelogram with one side in the surface and show 
that it is given by the same construction as that of a rectangle 

2. A rectangle at any depth, sides a, h , one pair is horizontal 

3. A parallelogram with one pair of sides horizontal and at 
depths /ij, /ij below the surface of the liquid and its plane 
vertical. 

* 4. A trapezium with parallel sides of lengths a, b, at depths 
III, below tho surface, its plane being vertical. 

A trapezium is placed w'lth one of the oblique sides in 
the surface when the two paiallel sides (of lengths 6 and d) 
are vertical Fmd the depth ol the c.p. of the area 
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6. Show that the horizontal line drawn through the c p. of a 
rectangle, one of whose sides is m the surface, divides the 
rectangle into two parts the pressures on which are as 4 ; 5. 

In the case of a triangle with a side m the surface, show that 
a similar line divides the area mto two portions the pressures 
on which are equal. 

7. P IS the c.p. of the rectangle ABOD, the side AB bemg 
m the surface. Prove that the line through A and P divides 
the area into two portions the pressures on which are equal. 

8. A rhombus A BCD is completely immersed with the 
diagonal AG vertical and A on the surface. Prove that its 
c.p. divides AC in the ratio 7 5. 


1 9. A rhombus is totally immersed with one diagonal vertical 

^2 

and its centre at depth h. Prove that the c p. is below 
the centre where a is the length of the vertical diagonal. 


10. A parallelogram ABCD is immersed in a liquid with A 
m the surface and BD horizontal; prove that its c.p (P) lies 
on AC and that AP ■ AC = 7 : 12. 


11. A vertical sluice gate, which is a square of side a, has 
its upper edge hmged at the surface of water Neglectmg the 
effect of the atmosphere, find the force which must be applied 
at the middle point of the base to keep the gate in place. 

• 12. An isosceles triangular lamma of height b is immersed 
vertically in water with the vertex m the surface and base 
horizontal If h be the height of the water barometer, prove 
that the depth of the o p below the surface of water is 

6 4^+36 
2'W+2b' 

^3,) A rectangle is immersed with one side m the surface. 
Show how to divide the area by a horizontal Ime so that the 
c.p. of each part will be at the same distance from this hori¬ 
zontal hne. 


14. A cubical box, standmg on a horizontal plane, has one 
of its vertical sides capable of revolving about a hmge at the 
bottom. If a portion of a liquid equal in volume to one-fourth 
the capacity of the cube be put m the vessel, the loose side 
rests at an mchnation (mwards) of 45°. If no hquid escapes, 
compare the weight of the loose side with the weight of the 
hquid in the vessel. 
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15. ABCD ^s & trapezium whose parallel sides are AD and 
BC. It 18 immersed m a liquid with its plane vertical so that 
A, B, G, D are at depths a, fi, y, 6 respectively. Find the 
depth of its c p. 

16. A quadrilateral ABCD is immersed with the side AB 
in the surface and its plane vertical If a, 6 denote the depths 
of C, D and x, y denote the depths of its c.g and c.p. respec¬ 
tively, prove that %xy +ab =Zx(a + b). 



CHAPTER IV 

CENTRE OF PRESSURE (Confinued) 

29. Determination of the c.p. of a plane area by the 
methods of calculus. We shall first consider the area im¬ 
mersed in homogeneous liquid We take the intersection 
of the plane of the area with the free surface of the liquid 



as the^a:-axis and any smtable Ime in the j>ianc as the 
y-axis |cf. Art 2(IJ Denote the mchnation of tlie plane to 
the horizontal by a Divide the area into thin horizontal 
strips, such as PQQ'F', let ON = y, NN' ^-dy Then the 
area, dS, of the element—PQdy = {a^-x,.)dy, where r, and 
X,, can be obtained from the knowledge of the equation of 
the perimeter of the area , it is to be noted that Xp is 
negative (here) 

The pressure on the clement =ggy sm a . PQdy 
the total pressure =<7p sm a I y PQdy 
=ge sm a yS, 

as in Art, 20, where y is the distance of the c g of the area 
from Ox, and 8 the measure of the area. 

48 
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Let (A, F) be the coordinates of the cp of the area. 
The resultant pressure whose value .is just determined, 
acting at (X, Y), is the resultant of the system of pressures 
like grp sin a yPQdy or go sin a ydS, acting at B the 
middle point of PQ (since the pressure is uniform over this 
element) The cooidinates ol B arc [Ku-+®e).2/] Hence 
equating the moments about Ox, we get 

Y tj . Rgq sm a =XgQ sin a . y^PQdy 


go sin a y'^PQdy, 


whence, removing the common factor gq sm a, 

I ifPQdy 


y=' 


yR 


... .( 1 ) 


Similarly, by equating the moments about Oy, we arrive 
at 

f I (x,. 4 a-,) yPQdy 

XJ' -...( 2 ) 

yS 

The formulae (1) and (2) give the position of the cp 
relative to the area They do not involve a, depending 
only on the distances from 0% and Oy Therefore, if a be 
changed whilst the lattei remain unaltered, as would be 
the case when the area is turned round Ox, the position of 
the c p relative to the area remains the same. This result 
was arrived at m Art 23 m a different manner. 


30. Next, let us take the atmospheric pressure into con- 
rndcration The pressure on the strip PQ' will now be 
equal to (II + gqy sm. a)PQdy, if II be the pressure due to 
atmosphere 

total pressure =1 {II 4-grey sm a)PQdy 
= (II 4g'eysina)N. 
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Taking moments about Oy and Ox, as before, we get 
[ i{x,, + x^) (Jl+gqy sin a)PQdy 

__=_• ( 3 ) 

(11 +gQymix a) 8 
f y{n.+gQysma)PQdy 

7 = Jj..(4) 

(11 a) 8 

If, however, there be strata of n different hqmds of 
densities q^, pj, ... q^, and of slant depths h^, h^, ... 
from the top, and the area be wholly in contact with the 
nth liquid, the coordinates of the c p will be given by 


Y I (nsin a H-g^pa^aSina+ ...sin a)PQd«/ 
= £ 3 / (11 + sin a +... + gQ„y sin u) PQdy .(5) 


and a similar equation for X, the axis of x being taken on 
the upper surface of the nth liquid These can be deduced 
from (3) and (4) by replacing (therein) 11 by 

n +g'piAi sin a + ggji^ sm a +... sin a, 

which IS now the pressure at the surface xOL 

Lastly, if the area be in contact with more than one 
liquid, each integral in (6) is to be replaced by tlie sum of 
two or more definite integrals, each of the latter involving 
each portion of the area in contact with one liquid only. 

It also becomes necessary at times to subdivide the 
interval (from A to R), i e. to evaluate the definite integrals 
over each sub-interval separately and then to take their 
sum. A little common sense as well as a little practice will 
be a good guide to find out whethei’ such a method of 
evaluation is to be followed or not 


31. In a number of examples we are able to deduce, 
from geometrical considerations or otherwise, that the c.p. 
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lies on a definite line. It ls then sufiScient to determine 
only one coordmate by means of the formulae given above, 
the other being then readily deduced (see the examples 
below) 

A few simple cases are given below as illustrations The 
beginner is advised not to use the above formulae, sub¬ 
stituting therem the values of the particular cases for 
evaluation, they should instead proceed as has been done 
in the previous articles before arriving at these formulae. 
Atmospheric pressure is generally not taken into account 
unless it IS specially mentioned to do so. » 


Ex. 1 A rectangle immersed in a homogeneous liquid 
with two sides horizontal and at depths and (> 
its plane being vertical. 

Here we take Oy through the middle 
points E and F oi A B and CD respec¬ 
tively , since it IS an axis of sjrmmetry 
it IS clear that the c p will he on it 
Tlieiefore X=0 (as can actually be 
shown), and we have to evaluate Y 
only 

Let AB = a , divide the area into strips 
hke PQQ’P' Let ON=y, NN'=dy , 

OE OF =h^. 

The pressure on the strip = gQyady, 
acting at N, 

moment of this pressure about Ox^ggy^ady ; 

(•A, Ch, 

gey<^y=\ ggy^ady, 

J Aj J Ai 



whence 


2 + h,^ 

3 hj + 


If AR be in the surface, =0, in which case F as 
in Art 24 (9) 
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Ex 2. A triangle with one side horizontal at any depth. 

Since the inclination of the plane of the triangle to the 
free surface is immaterial, we might take the area to be 
vertical. Let BC =a and the depths of A and B be 
respectively 

Let the triangular area be divided into horizontal strips, 
like PQQ'P', the pressure on which acts obviously at the 
mid-point B Thus we get a system of pressures acting at 


L O .r 
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points which he on the median AP Hence their centre oi 
their c.p hes on AD itself We need, therefore, only deter¬ 
mine one coordinate, viz 7 of the c.]> 

UtON., NN'.S, 

PQ = {y (v - hj), say. 

Now, pressure on the strip -hj)dy, and its 

moment about Ox = ?.{y-hy)dy 

Y\ gQXy{y-hi)dy = \ gyXy^iy-hj)dy, 

J hj J ki 


whence 


1 3hi‘+2h,h^+h,^ 

2 ' 2A.,+/t, 


Let the c p , P, divide AD m the ratio rn . n. Then, 
since the ordinates of A and D are and tl*® ordinate 
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of P IS - '-Comparing this with the above result 

. m+n r o 

we get 

ah^ + nih, = 

m +n=4h^ +2Aj , 

whence n=h^+h^ Thus the cp divides the 

median in the ratio h^+h^. The abscissa of P can 

now be easily calculated in terms of those ol A, B and C 

'^Ex 3 A vertical circle of radius a, totally immersed 
with its centre at a depth h below the surface 
'J’ake the vertical hne through the ^ 

centre as axis of y Tlien since this 
!mc bisects all horizontal chords, the 
cp must lie on this axis X=0, 
and we have to dctc'rmmc T only. 

Lot PQQ'P' be the elementary strip, 

ON = y and NN' — dy Then 

PQ - {h -y)'^ 

Piessure on the strip 

= ypy 2V(P -(h ^ y)-d>j, 

and its moment about fig 28 

Ox —goiE . 3V a- - (li-y)^ dy 
'■ Y [ 2(/py -!/)~ dy 

jh - a 

r/i+<z - - - 

= - (^ -«/)“ dy, 

jh~a 

or y J sin^S (7i — a cos O)d0 

= [ 2 j 7 pa^ sin^G {h - a cos d)Hd, 


■ 

BB8W 

ll 

wm 




where lACP^ 


0 and LPCP'=dO, whence 

(P 


Y=h + 


4k 
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Thus the c.p. of a circle is at a distance below the 


cwtre. 

4. A circle whose radius is a and plane vertical is 
imnierBed in water with one point A of its circumference 
at a depth 6 (>2a). If the circle be 
turned m its own plane about the 
point A, find the locus of the c.p 
(i) relative to the area, (ii) in space 
The depth 6>2a ensures that the 
circle wiU be completely immersed 
in all positions Suppose that, in 
any position, the vertical diameter 
is mclined at an angle 6 with CA 
Then the depth of C (m this 
position) = depth of A + CD 
= 6 +a cos 6. 

Cl^ 

the c p , P, hes on CB' such that CP =-r-,, -^, 

^ 4(6 + a cos 0) 

by Ex 3 Hence, if we take G as pole, CA' as the initial 

line and (r, 0) as the polar coordmates of P, we shall have 
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CP=r = 


;- =■ 1 + t COS 0, 


4 (6 + a cos 0) ’ 46r " ' 6 

which shows that the locus of P relative to the area is an 
elhpse with G as focus, the major axis along ACA', 

eccentricity ^ and latus rectum ~ 

To determme the form of the locus in space, take A as 
origin and the horizontal and the vertical hnes as co¬ 
ordinate axes If P be (x, y), we have 

x=a sm 0, 'j 

y = a cos^ +- 


4(6 -fa cos 0) ■ J 
These constitute the equations of the locus 
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32. Those who are familiar with moments and products 
of inertia will find the following formulae for the c p most 
convenient 

Divide the area (see fig 13, Art 20) into small elements, 
one of which is of area o surroundmg a point whose 
coordinates are (x, y) Then the pressure on this element 
is gqy&ma a, and moments of this pressure about Ox 
and Oy are ggy^ aina. a and gQxyama.a respectively. 
Therefore 

^ Eggry sin a a Sxya 


Egqy sin a c Eya 
product of inertia of the area about Ox, Oy 
moment of the area about Ox 

y _ Egq y^ sin a _ a _ Ey^a 

~ Egqy sin a a~ Eya 
moment of inertia of the area about Ox 


....( 6 ) 


moment of the area about Ox 


•(7) 


The denominator in these formulae is clearly yS, and the 
numerators can be calculated with the help of the theorems 
of inertia. 

33. For the sake of ready reference some rules about the 
moments and products of inertia are given below : 

(i) If one of the axes. Ox or Oy, be an axis of symmetry, 
the product of inertia is zero. 

(li) Moment of inertia of a rectangle, sides a and b, about 

a fine bisecting the sides b at right angles = 
denotmg the measure of the area. 

(ill) Moment of inertia of an ellipse, semi-axes a and b, 

about the axis a = ^ .A. 

4 

(iv) Moment of inertia of a circle about any diameter 


- - A 

"4 
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(v) Moment of inertia of a compound area = sum of the 
moments of inertia of its various parts about the same 
line. 

(vi) Moment of inertia about an axis = moment of 
mertia about a parallel axis through the c g of tlie mass 
+ moment of inertia of the wliole mas.s collected at the c g 
about the original axis 

Similar theorem foi the ])roduct of inertia This is 
known as the ihcMrem of ]>arallcl axcf 

(vii) Let /j, 1 2 and P denote the moments of inertia 
about Ox, Oy and the juoduct of inertia about the axes , 
6 be the angle which a line OQ makes with Ox Then 
moment of inertia about OQ 

= /j cos'^0 + sin^d -2P cos 0 sin 0 

(viii) The moments and jiroducts of inertia of a triangle 
about any axes are the same as those of three equal particles 
(each of one-third the mas.s of the whole triangle) placed at 
the middle points of the sides This system of particles and 
the triangle have obviously the same mass and the same 
centre of gravity, and therefore the same moment of 
masses about any axis Such systmns arc called (qui- 
momental systems This result is very useful 


34. Applications. 

(1) Rectangle with two sides horizontal and at depths /ij 
and ^2 below the surface Depth of its eg =i[h-^+hfi , 
moment of inertia about Ox (see fig 26) 


= A 


12 


rules (ii) and (vi) 


= f (V + V+W 


Therefore from (7), 


Y ^ + V + A) ^ 2 
l{h-^+hf^A 3 


h■^^ + h^ + 

“t" ^2 


as before. 
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(2) Circle of radius a and its centre at depth h 
Moment of inertia of the circle about Ox (see fig. 28) 

= by rules (iv) and (vi) 




from (7), Y 


Since, by rule (i) the product of inertia is zero, we have 
X-0 

(3) Trianijlc whost vertices A, B, C are (*i, «/]), (x^. y^) 
and (Xg, J/g) 

Let D, E, F be the middle points of BC CA A B respec¬ 
tively Then the coordinates of D are . 

of E and of F 

Moment of inertia of the triangle about Ox = moment of 
inert'a of three particles each equal to ^A, at D, E, F, 
where A denotes the aiea of the triangle, 

= y l2/i^ +.'// + '/3“ t ViV-z + y-Ah + IhVi] ■ 

And the moment of the area = the moment of the three 
particles at D, E, F 

r?/2+?/3 .Vs+Vx , ?/i +y^ 


^^[yi+y2+y^- 


• from (7), F=i y/+ Vi^ + y^ + yiVi + y-j/i + y^Ji ^ 


yi+Vi+y^ 
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Again, the product of inertia of the triangle about Ox, 
0«/ = the product of inertia of the three particles at D, 

E, F 

from ( 6 ), after a little simplification, 

Z=; L +:r, + ^3+Ml±M?±M3l. 

4L ^ ® 2/1+2/2+2/3 J 

These results were obtained in Ait 27. 

If parallel forces, proportional to the depths of the 
respective points, were acting at D, E, F, te li forces 

proportional to ^ _ 2 tl ^2 a,j,tmg at D, E, 

F, their centre would have precisely been given by (X, 7) 
Hence the result 

The. centre of ‘pressure of a triangle ts the centre of parallel 
forces acting at the middle points of the sides and proportional 
to the depths of these points 

This was also obtained in Art 27 by a somewhat lengthy 
process 

(4) Parallelogram whose vertices A, B, C, D are (x^, yf), 
2 / 2 ). {'Xi, yf) and ( 1 - 4 , 1 / 4 ) It IS clear that these co¬ 
ordinates are not all independent The relations connect¬ 
ing them are Xi+x^^^x^+x^ and yi+ 2/3 =.V 2 + 2/4 as the 
middle points of AC and BD are coincident 
Moment of inertia of the parallelogram = sum of moments 
of mertia of the triangles ABC, ACD 
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or, simplifying with the help of the above relations 

= g [yi® + Vi + 2/3®+ Vi +yiyi+ y^^ . 

where A denotes the area of the parallelogram. 

And the moment of the area = sum of moments of t/U© 
triangles ABC, ACB 

A A 

= 2 (l/i+^s) or ^ (^ 2 +^ 4 ) 

The last residt could have been obtained directly, smce the 
c g of the figure is at tlio intersection of the diagonals. 
The value of Y can now be calculated Similar expressions 
will give X 


EXAMPLES. 4. 

Find the centres of pressure of 

1. A seini-firculai area, the diameter being horizontal and 
at depth b, the radius being a. 

2. A quadrant of a circle with one boundmg radius hori¬ 
zontal and at depth h, the radius being a 

3. An ellipse, completely iininersed, with the major axis 
horizontal and at dejith h 

Qi An ellipse, completely immersed, with the major axis 
mmined at an angle 0 to the horizontal, the centre being at 
depth h Also show that the c.p lies on the diameter con¬ 
jugate to the horizontal diameter 

A semi-ellipse having its boimdmg diameter (not one of 
tne-pimcipal axes) hoiizontal and at depth h 

^ A segment of a parabola bounded by a double ordinate 
wMi axis vertical and vertex downwards at a depth h 

•^7 A quadrant of a circle with the centre m the surface and 
boundmg radii equally inclined to the vertical. 

»./ 8 The area bounded by two concentric seim-circles with 
their common bounding diameter m the surface. 
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9. The area included between an hyperbola, one asymptote 
and two horizontal Imea, the other asymptote to the curve 
lying m the surface 

10. An area bounded by the curve ay^ =x^, an abscissa of 
length h and the ordinate at its extremity, is placed m water 
with the ordmate in the surface. Prove that the depth of the 
c.p. IS ^h. 

11. A square lamina, of side a, has a portion of it in the 
form of the inscribed circle removed from it and the remaining 
figure IS immersed vertically in water with one side of the 
square m the surface Find the depth of the c p. 

12. A quadrilateral lamina ABCD wbo.se .sides AB, CD are 
parallel is immersed vertically in a liquid with AB in the 
surface. Prove that the o p will be at the intersection of the 
diagonals if AB = V‘3 CD 

13. If the c p. of a tiiangle ABC, completely immersed, 
coincide with its circurncentie, show that the depths of the 
angular points are as 

1-2 cot B cot C 1-2 cot C cot A 1-2 cot A cot B 

14. A regular hexagon is immersed in water with a side in 
the surface Fmd the depth of its c p 

15. A cubical box, filled with water, has a close-fitting 
heavy lid which can turn round smooth hinges attached to 
one edge Through what angle.s must the box lie seveially 
tilted about the different edges of its base so that the water 
may just begin to escape ’ 

16. There are n liquids of densities g, 2g. ny jilaced one 
above another m strata of equal depths h. A rectangle, whoso 
.sides aie a and nb, i.s immersed vorticallv with a side of length 
a in the topmost surface. Find the position ot the c p 

17. An ellipse is imraeisod in a liquid wuth its plane vertical 
and centre at a depth h (> the semi-major axis) If the ellipse 
be turned round its centie, hnd the locus of the c p (i) lelative 
to the aiea, (ii) m space 

18. A square lamina A BCD, of side a, is placed with the 
comer A fixed at a depth b (>av'2) below the surface, the 
plane of the lamma being vertical If the lamina be turned 
m its plane about A, find the locus of the c p in the plane 



CHAPTER V 

FLUID THRUSTS ON CURVED SURFACES 

35. In this chapter we shall be considering curved 
surfaces in contact with fluids at rest under gravity. 

Suppose a surface is in contact with a fluid This surface 
can be divided into elementary portions each of which may 
be regarded as plane and fluid pressure on which wiU be 
normal to that element In this manner we shall get a 
system of fluid pressures, and our object is to determme 
their resultant It is clear that this S 3 ^stem of forces, bemg 
nonplanar, cannot in general be reduced to a single resultant 
force It IS proied in higher statics that such a system is 
equivalent to a single force together tnth a single couple 
(whose plane does not in general coiitam the former force) 
We propose to find the resultant pressure in the form of 
three (or two) force.s acting along lines winch may not 
necessarily be cojilanar 

Fluid pressure on every element is resolved firstly into 
vertical and horizontal components (acting on the element). 
Now, all vertical components being parallel, form a system 
of parallel forces which has a definite resultant R acting 
along a determinate line This resultant is called the 
resultant vertical thrust of the fluid on the surface 

Next consider the horizontal components They are not 
parallel to each other smee horizontal lines can be drawn 
in infinite directions Hence we resolve them further along 
two coni'eniently chosen directions, both horizontal, say 
Ox and Oy The components parallel to Ox will form a 
system of parallel forces, and those parallel to Oy wiU 
constitute another The resultants A and Y of these two 
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systems can be found in magnitude and direction , they 
are called the horizontal fluid thrusts 'parallel to Ox, Oy 
respectively. 

The three resultants X, Y and R will together give us 
the resultant of the fluid pressures on the given surface. 
As has been said before, they will in general act along non- 
planar Imes. If m a particular case they are concurrent 
we can determme their resultant, which we may call the 
resultant fluid thrust on the surface If X and Y intersect, 
we can compound them, and shall obtain the horizontal 
fluid thrust 

36. Resultant Vertical Thrust. If a surface (which is such 
that no vertical line cuts it in more than one point) he in con¬ 
tact with fluid at rest under gravity, the resultant vertical 
thrust IS equal to the weight of the superincumbent fluid and 
acts through the centre of gravity of the superincumbent fluid 

Let ABC be such a surface and we are required to deter¬ 
mine the vertical fluid thrust on the upper side of this 
surface From every point on its 
boundary draw vertical lines to meet 
the free surface (where the pressure 
IS taken to be zero) along a closed 
curve A'B'C Divide the surface 
into small elements such as a &t P , 
let o' at Q be its projection on the 
free surface Let 6 be the angle be¬ 
tween the vertical and the normal, 
PN, to the surface at P. Then 
a' — a cos d. 

Now pressure on the element at 
P ='gQa PQ, along the normal if the fluid be homogeneous, 
its vertical component 

= gQa . PQ cos 6 =gQa' . PQ 
= weight of the cylinder PQ of fluid. 
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That IS, the vertical component of the pressure is the 
same as the weight of the column PQ and they act along 
the same hne. Therefore the resultant of the system of 
vertical thrusts will be identical with that of the system 
of weights of columns like PQ , that is, the resultant 
vertical thrust is equal to the weight of the super¬ 
incumbent fluid (m magnitude and line of action) Hence 
the proposition. 

Note 1. In the above proof the fluid is assumed to be 
homogeneous When it is not so and the fluid consists of 
layers of different fluids which do not mix, the pressure on 
the element at P is, by Art 10, 

g (Pi QQi + Qi QiQ, + ...+g„ QnP)a = wa, say 

.■ its vertical component = wa cos 9= tea'= weight of 
the cylinder PQ of fluids, as before 

Note 2. If the atmospheric pressure is to be taken into 
account, we take the ]ilane A'B' to be the effective surface 
(Art >1) of the liquid or of the uppermost hquid if there 
are layers of several liquids The pressure at A'B' is then 
zero and the above theorem is applicable 

Note 3. Second proof As in Art 22, we consider the 
equilibrium of the portion of the fluid enclosed between the 
surface AB, its projection A’B' on the free surface and the 
cylindrical surface generated by the vertical lines, viz of 
the superincumbent fluid The two vertical forces, the 
weight of this volume of the fluid and the resultant vertical 
thrust on the surface must balance each other, whence the 
desired result 

This proof IS not, however, always suitable, as in the 
case where there is no liquid above the surface, which 
18 considered in the next article 


37. Suppose a vessel as shown in the figure is filled with 
a liquid and it is required to find the vertical fluid thrust 
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on the portion of the inner surface between the horizontal 
planes AD and HC Obviously, the fluid thrust on every 
element and therefore the resultant 
vertical thrust will be in the up¬ 
ward direction 

In this case there is actually no 
superincumbent liquid, and so it 
may seem that the last theorem 
could not be apphed But we can 
get over this difficulty by assummg 
the presence of liquid (of the same 
kind) all round the vessel, the thickness of the material of 
the vessel being neglected If the liquid inside be not 
homogeneous, the external liquid is assumed to be likewise, 
80 that the density in the same horizontal level (inside and 
outside) is the same Now by drawing verticals from every 
pomt of the boundary BC to meet the plane of AD, we 
get the superincumbent liquid as lying between the plane 
B'C, the surface of the vessel and the cylindrical surface 
generated by the vertical lines 

To justify this procedure we remark that the pressure 
on an element a at F of the surface will be proportional to 
its depth below the free surface (AD), and so is equal to 
gqa PQ Therefore its vertical component =gp PQ a' 
= wt of the column PQ of the liquid, as in the previous 
article Thus the rule 

To find the superincumhenl fluid, draw verticals from every 
pomt of the 2 ieumeter of the given surface to meet the plane of 
the free or the effective surface (where the pressure is zero) 
Then the volume of the fluid (existent or not) enclosed between 
the plane of the free surface, the given surface and the 
cylindrical surface is the required volume 

38. When the surface is not like the one considered in 
Art. 36, we divide the whole surface into two or more parts 
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each of which satisfy the condition stipulated in that 
article and apply the theorem to each portion. Thence the 
resultant vertical thrust can be easily determmed 

For example, let the flask (Fig 31) be filled with water 
up to the level AD and let the vertical fluid thrust on its 
surface be required In this case a vertical Ime like P'Q 
cuts the surface in two points P' and P , so we cannot 
at once utilise the theorem of Art 36 Let us divide the 
surface by the piano BC , we get two portions to each of 
which the theorem is applicable 

On the upper part, the vertical thrust acts upwards and 
its magnitude = wt of the superincumbent liquid which 
would he between the portion of the surface of the vessel, 
the plane B'C and the cylindrical surface 

On the lower part, the vertical thrust acts downwards 
and its magmtude = wt. of the supermeumbent liquid lying 
between the lower portion of the vessel, the plane B’C and 
the cylindrical surface 

.'. the resultant vertical thrust on the whole surface is 
the resultant of the above two pressures , it obviously acts 
downwards and its magnitude = wt of the latter volume 
- wt of the former volume of the liqmd 

= wt. of the liquid contained in the vessel 
The hne of action of this thrust passes through the c g of 
the contained liquid because, by statical principles, the 
above process is equivalent to the removal of the former 
volume from the latter. 

39. The above is a particular case of a more general 
result, which is often helpful in solving problems • // 
liquid be contained in a vessel and if the pressure at its free 
surface be zero, then the resultant fluid pressure on the vessel 
IS equal to the weight of the liquid in the vessel and acts 
vertically doumwards through the centre of gravity of this 
liquid 


S H. 
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The proof is as follows; Consider the equilibrium of the 
mass of the liquid within the vessel. There are two forces 
acting on it, viz. its weight and the pressure of the enclos¬ 
ing vessel Hence these two are equal and opposite ; but 
the pressure of the vessel on the liquid is equal and opposite 
to the pressure of the liquid on the vessel (Newton’s third 
law). Therefore the fluid pressure on the vessel is equi¬ 
valent to the weight of the contained liquid, whence the 
theorem. 

A similar result is enunciated and proved in the next 
article. 


40, The resultant fluid thrust on a closed surface eniiteli/ 
lying within the inass of a fluid at rest under gravity, is 
vertical, equal in magnitude to the weight of the displaced 
fluid and acts upwards through the centre of gravity of the 
displaced fluid. (Principle of Archimedes ) 

Let AGED denote the closed surface and A'B' the free 
surface of the fluid The fluid pressure on ACBD depends 

wholly on the form and the 
A_B position of this surface and 
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on the fluids sunoundmg it. 
Hence it would not in any 
way be affected if we suppose 
that the volume enclosed is 
occupied by the same kind 
of fluid as outside (so that 
the density at the same hori¬ 
zontal level is the same as 


that of the external fluid). 
The mternal and the external flmds will then form a con¬ 
tinuous mass at rest under gravity Therefore the volume 
of the internal fluid is also at rest under the influence of its 
weight and the fluid pressure of the surrounding fluid on its 
envelope AGED. Hence these must balance each other 
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Thus the resultant fluid pressure on the closed surface 
ACBD IS vertically upwards through the c.g. of the volume 
AGBD and its magnitude is equal to the weight of the 
volume ACBD of the fluid 

Note. It IS not necessary for the truth of this theorem 
that the fluid should he homogeneous The density of the 
fluid may vary from one horizontal layer to another. It 
may, for example, consist of a number of different fluids 
which do not mix with one another and which rest in 
horizontal strata one above another. But the displaced 
fluid must be taken (as has been already pointed out m the 
proof) to be of the same density at any point as that of the 
surrounding fluid at the same horizontal level This should 
be kept m mind when calculating the weight and the 
position of the c g of the displaced fluid. 

41. We can prove, as in Art 38, that the resultant 
vertical thrust on the closed surface ACBD (Fig 32) is 
upwards and equal to the weight of the displaced fluid ; 
but it would not indicate that this thrust denotes the 
whole effect of the surrounding fluid on the surface unless 
it IS shown that the horizontal fluid thrusts (Art. 35) are 
zero (see Art 48) 

42. If a solid body be partly in contact with and partly 
above the free surface of a mass of fluid at rest under gravity, 
then the resultant fluid thrust on it will be equal in magnitude 
to the weight of the displaced fluid acting vertically upwards 
through the centre of gravity of the displaced fluid 

Replace the portion of the solid below the free surface of 
the fluid, as m Art. 40, by similar fluid and consider the 
equilibrium of this new volume of the fluid mtroduced 
Assuming the pressure on the free surface to be zero, we 
get two forces acting on this volume, viz. the weight of the 
displaced flmd and the fluid pressure on the bounding 
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surface, these must therefore balance each other (cf. 
Art. 40). 

43. If the free surface be the surface of separation of a 
liquid and the atmosphere, the pressure on it is not zero. 
In this case we have to replace the whole body by the 
corresponding volumes of the air and the Uquid displaced by 
the body and consider the equilibrium of this combined 
volume of air and liquid. In fact, this case falls under the 
category of Art 40, since the body is wholly immersed in 
the flmd (of two kmds) So, as before, the resultant fluid 
thrust = weight of the liquid displaced + weight of the air 
displaced 

As the latter is insignificant as compared with the 
former, it is usually neglected in practice, and the result¬ 
ant fluid thrust is taken simply to be equal to the weight 
of the displaced liquid actmg vertically upwards through 
the c g of the hquid displaced 

44. It should be noted that the above theorem does not 
hold if the sohd body, whether wholly or partially immersed 
in a liquid, has a finite portion of its surface comcident 
with the surface of the vessel contaimng the hquid 
Because, if we replace the solid by the same volume of the 
hquid and consider the equilibrium of this volume, we shall 
see that besides the two forces of Art 40 there are pressures 
of the sides of the vessels where the two surfaces are 
coincident, and so we cannot come to the same conclusion 
as m the previous article 

The resultant fluid thrust of Arts. 40 and 42 is called the 
force of buoyancy and the centre of gravity of the displaced 
fluid (through which the former acts) is called the centre of 
buoyancy. 

J 45. Ex 1 A hollow sphere of radius a is just filled with 
water , find the resultant vertical thrusts on the two 



FLUID THRUSTS ON CURVED SURFACES 69 


portions of the surface divided by a plane at depth c below 
the centre 

Let CD denote the plane; so that OH = c. The sphere 
being just filled, the free surface 
(where the pressure is zero) is a 
horizontal plane through A , the 
highest point of the sphere, since 
the pressure obviously is least 
here, and fluid pressure can never 
be negative Describe a cyhnder 
on CD as base and altitude 
AH. 

Then the downward thrust on 
the lower portion CBD 

= wt of the superincumbent liquid FCBDE 
= wt of cyl FCDE +wt. of segment CBD 

= 11) j^jc(a +c)(a^ -c*) + g(a -c)® (2a + 0 ) 



B 


= -3 (a-c)(5a2+5ac+2c2) .( 1 ) 

The upper portion CAD consists of two parts, the upper 
hemisphere LAM and the zone LCDM ; tlie vertical thrust 
on the former is upwards and 

— wt of the superincumbent liquid F'LAME' 

= wt of cyl F'LAIE' — wt of hemisphere LA M 
= w[7ta^ - 5wa^j = J WTta^ 

The vertical thrust on the zone is downwards and 
= wt of the superincumbent liquid 
= wt of segment LCDM +wt of cyl F'LME' 

— wt of cyl FCDE 

= 1C [jt {a^c — + na^ — tt (« + r) (o^ - c^)] 

= J7ric(3ac2 +2c^) 
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Hence the vertical thrust on the upper segment CAD is 
upwards and .(2) 

It may be noted that the resultant of (1) and (2), i e. the 
resultant vertical thrust on the whole spherical surface is 
downwards and = |:?riua3 or the weight of the contained 
water (cf Art. 39) 

J Ex. 2. A hollow Qlosed hemispherical vessel is filled with 
liqmd (of specific weight w) and held with its plane base 
downwards and inclined at an angle a to the horizontal 
Find the vertical and the horizontal fluid thrusts on the 
spherical surface 

The following is an easier way of solving this problem 

We know, by Art 39, that the resultant fluid thrust on 
the whole vessel (both on the curved 
surface ADB and the plane base 
AB) =wt of the contained liquid 
= Trim®, actmg downwards .. (1) 
Now D, being the topmost point 
of the liquid, is on the free surface , 
and the centre C of the base is "at 
depth DC or a below the free surface, 
pressure on the base = Tta® aw = mva^ 

This pressure has vertical component = Trim® cos a (down¬ 
wards) and horizontal component 7rz4>a® sin a along EC 

Hence the pressure on the curved surface must have 
vertical component (-• _ cos a) 

downwards and nwa^ sin a along CE, in order that these 
and the component pressures on the base may give the re¬ 
sultant (1). 

Thus the resultant fluid thrust on the curved surface is 
of magnitude jTriea® Vl3 -12 cos a, and acts in a down¬ 
ward direction inclined at an angle tan~^ to the 

V 3 sin a / 
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horizontal The line of action of the resultant thrust can 
also be determined; for the weight ’ of the liquid or the 
resultant (1) acts vertically through a point, on the central 

radius, distant ~ from the centre, and the pressure on the 


base acts normally to the base through a point ^ sin a from 


C (on the line CA, see Art 34) Where these two forces 
intersect must give a point on the line of action of the 
required thrust 


EXAMPLES. 5. 


1. A vessel in the shape of a closed hollow cone is just filled 
with water and kept with its base downwards and horizontal. 
Show that the resultant vertical thrust on the curved surface is 
^that of the base. 

•> 2. A right circular cylmder is just immersed in water with 
its axis horizontal Compare the vertical thrusts on the two 
parts of the curved surface into which it is divided by the 
horizontal plane through the axis 


3 A solid right cone, height h and radius a (of the base), 
IS completely immersed in a liquid with its axis horizontal and 
at depth b Compare the vertical fluid thrusts on the two 
halves mto which the curved surface is divided by a hori¬ 
zontal plane through the axis 

. A hemispherical bowl of mass (72?!) grammes is placed 
j^vrith its iim downwards on a horizontal plane which it fits 
closely , water is poured mto the bowl through a hole at the 
top of the curved surface Fmd the height of water in the 
bowl when it is on the point of being lifted and water begms 
to osoaiie The radius of the bowl is 13 cm. 


5. A right cone is filled with water , it is then closed and 
the whole susjiended by a pomt on the nm of its circular base 
Neglecting the weight of the conical envelope, find the resultant 
vertical and horizontal thrusts on the curved surface. 


6. A solid hemisphere is placed with its base above the 
curved sun ate and inclmed at an angle a to the surface of the 
liquid, in wdiich it is just totally immersed If the resultant 
till ust on the cm ved surface be equal to twice the weight of 
the liquid displaced, find a. 



72 


HYDROSTATICS 


46. Horizontal Fluid Thrust. The horizontal fluid thrust 
on a given surface in contact with fluid in any given direction 
is equal, in magnitude, and line of action, to the fluid pressure 
on the projection of the surface on a vertical plane perpen¬ 
dicular to the given direction, provided any line drawn in this 
direction does not intersect the surface in more than one 
point 

Let ABC be such a surface and AK the given direction. 
Draw a vertical plane perpendicular to A K and let lines 



I'lU 35 


from every point of the 
boundary of the given sur¬ 
face meet this plane in a 
closed curve A'll'C' Then 
A'B'C will be the projec¬ 
tion of the surface on this 
plane 

First proof Divide the 


given surface into small 
elements, like a at iP , let a' at Q be its projection on the 
plane A'B'C If a and a' are sufficiently small, then pres¬ 
sure at any point on these two elements are equal (Art 8) , 
let p denote this pressure 


Pressure on the element at P —pa, acting along the 
normal NP 


its horizontal component in the direction KA 
=pa cos 0=pa'= pressure on the plane-element at Q, 
where 6 is the angle between PA and AK 

Hence the horizontal components of fluid pressure on all 
the elements of the given surface are the same as the fluid 


pressures on the corresponding elements of the projection 
A'B'C 


.. the resultant horizontal thrust on the given sur¬ 
face in this direction is the same as the resultant fluid 
thrust on the plane area A'B'C, which proves the pro¬ 
position. 
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47. Second proof Consider (Fig. 35) the equihbrium of 
the mass of fluid enclosed between the given surface ABC, 
its projection A'B'C and the cylindrical surface generated 
by lines parallel to AK This volume of the fluid, being a 
part of the whole at rest, is in equilibrium Therefore the 
components of the forces (acting on this volume) in the 
direction AK must also be m equilibrium These are, 
(1) the component of the fluid thrust on ABC in this 
direction, and (2) the fluid pressure on the plane area 
A'B'C Tlicrefore these two fluid pressures must be equal 
m magnitude and act (in opposite directions) along the 
same line 

This theorem gives us the line of action of the com¬ 
ponent since we can find out the position of the c p of the 
area A'B'C through which, clearly, this must pass 

The direction of the component is from the flmd to the 
side of the surface under consideration For example, if 
wo consider the right-hand side of the surface, the corres¬ 
ponding component will act from right to left 

48. If the surface bo not such as stipulated in the previous 
articles, wc divide the given surface into two or more parts 
in each of which the condition is satisfied. We then apply 
the preceding theorem to obtain the horizontal component 
on each part separately and compound them by the rule 
of statics , the resulting pressure is the horizontal fluid 
thrust on the whole of the given surface in this direction 

One case is worthy to be noticed If the surface can be 
divided into two parts only, the projections of which on the 
plane perpendicular to AK are identical, the two com¬ 
ponents of the fluid thrust, one on each part, are equal in 
magnitude and act along the same line If, moreover, the 
whole surface is a continuous one, as is usually the case, 
the above two components will clearly be in ojiposite 
directions, and so they cancel each other Thus there is no 
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horizontal component of the fluid thrust on the given 
surface in this direction The case discussed in Art. 41 is 
of such a type. 

As another example we may consider the curved surface 
of a Tight circular cone immersed in a liquid with its axis 
vertical Choose a horizontal direc¬ 
tion, say A B Take the section OCD 
of the cone, perpendicular to A B 
Any line drawn parallel to A B will 
clearly cut the conical surface in 
two points, but it will cut each of 
the two halves of the surface (by the 
plane OCD) in one point only Thus 
the condition of Art 46 is not satis¬ 
fied for the whole surface, although 
it holds for each of the two halves 
The projection of each portion on a 
vertical plane perpendicular to AS will be identical with 
the section OCD ; therefore, by Art 46, the horizontal 
components of fluid pressure on the two portions are equal 
in magmtude and have the same line of action Moreover, 
the pressure on the right half acts from nght to left, that 
on the left half acts from left to right, t e they are in 
opposite directions Hence, on the whole surface, the hori¬ 
zontal fluid pressure in the direction Ail is zero 

It can similarly be shown that there is no horizontal 
component in any other direction Thus there is no hori¬ 
zontal fluid thrust on this solid cone The fluid thrust is 
therefore wholly vertical 

It is easy to see that if the given surface has a vertical 
plane of symmetry, there will be no horizontal fluid thrust 
on the surface in the direction perpendicular to this plane 



49. As has been stated m the begmrung of this chapter, 
the resultant horizontal fluid thrust is obtamed by com- 
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pounding, wherever possible, the horizontal components in 

two convenient directions at nght angles 
A 

Ex 1. A vessel in the form of a cone with its vertex 
downwards and axis vertical is filled with water Find the 
fluid thrust on one of the halves mto which the surface of 
the vessel is divided by a plane through the axis 

Let AOB (Fig 36) be the vessel, and let it be required to 
find the fluid thrust on the halt OCBD 

The vertical thrust = wt. of superincumbent water 
=wt of vol OCBD of water 

— ^wna^h .(1) 

Horizontal thrust in the direction AB 

=pressure on the projection OCD 

=w . ah . lh = \wah^ .(2) 

Horizontal thrust in the direction CD=0, 
since the plane OPB is a plane of symmetry of the semi- 
comcal surface (Art 48) The force (1) acts through the 
c g of the semi-cone which is in the plane OPB ; its line of 

action is parallel to OP and at a distance of ? from it 

The force (2) acts through the c p. of the triangle OCD , 
its line of action is in the plane OPB and perpendicular to 
OP at its middle point These two intersect at a point X 
whose position is thus determined The magnitude of the 
resultant fluid thrast = \icah'\/nV +Ah^ and acts through 

/2/t\ 

X, in a direction making an angle tan~^ [ ) with the 

downward vertical 

‘ Ex 2 Two closely fitting hemispheres made of a material 
of uniform thickness are hinged together at a pomt on their 
rims, and are suspended from the hinge The rims are 
greased so that the whole forms a water-tight vessel. It 
IS being filled with a liquid through a small hole near the 
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hinge. What must the weight of the vessel be so that no 
liqmd may escape even when the vessel is filled * 

Let A be the hinge and the two hemispheres be ACB 
and ADB The hquid will escape if the two parts begin 
to separate. We have, therefore, 
to find the condition so that this 
may not happen 

Consider the forces acting on one 
hemisphere, they are. (l)theaetion 
^ of the hinge at A , (2) its weight W' 

acting at G where OG-^ , (3) the 

vertical flmd thrust equal to the 
weight of the hemispherical volume 
of the liquid, say W, acting down¬ 
wards through Pj where OPi=|ci, (4) the horizontal fluid 
thrust equal to the pressure on the section AB through its 
c p , Pj, where OP^ = [Art 34] , the magnitude of this 
last = na^w = 1 IF. 

Taking moment about the hmge, we see that the force 
(1) can be neglected, that the forces (2) and (3) tend to 
keep the hemispheres together and that the force (4) tries to 
separate them Hence the required condition would be that 
the sum of moments of (2) and (3) > or at least = the 
moment of (4) 

Substituting, W' * + IF Ja > or = .j IF 

whence W'> or =31F, or 2TF'> or =3 . (21F), 
t e. wt of the shell > or =3(wt of the contained hquid) 

EXAMPLES. 6. 

1. A vessel m the form of an octant of a sphere (radius a) 
with plane faces is filled with water and placed with one 
diametral plane horizontal and uppermost. Find the resultant 
fluid thrust on the curved surface. 



B 

Fig 37 
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2. A Tight circular cylinder is just iimnersed in water with 
its axis horizontal. Compare the horizontal fluid thrusts on 
the four parts of the curved surface made by the horizontal 
and vertical planes through the axis. 

3. A right cone whose base is an ellipse of semi-axes a, b, is 
divided into tvio equal parts by a plane through its axis and 
the major axis of the base One part is then removed and 
ju.st mmicrsed in a liquid with its V'ertex upwards and the axis 
of the cone vertical. Find the horizontal thrust on one-half 
of its curved surface made by a plane perpendicular to the 
vertical face of the solid. 

4. A hemispherical bowl is filled with water , find the 
horizontal fluid pressure on one-half of the surface divided by 

a vertical diametral plane and show that it is ^ of the magni- 

7T 

tudo of the resultant fluid thrust on the whole surface 

5. A cone, vortex upwards, is immersed in water with the 
centre of its base at a distance of f,ths of its altitude below the 
surface and its axis inclmed at 60° to the vertical A para¬ 
boloid of the same base and altitude is also immersed with its 
veitex upwards, the centre of the base at the same distance 
below the surface as that of the cone, and with its axis inclined 
at the same angle to the vertical Prove that the resultant 
fluid pressures on the cuived surfaces of the two solids are 
equal in magnitude and find their common value 

6. A hollow ellqisoidal shell with semi-axes a, b, c is held 
with the c-axis horizontal and the o-axis at an angle a with the 
vertical Liquid of density g is poured in through a small 
hole at the top of the shell till it is filled Find the vertical and 
horizontal thrusts on the tw'o halves of the shell made by the 
vertical plane through the o- and the b-axes Density of 
water is and the height of water barometer is H. 

* 7. A hemispherical bowl is half-filled with water and the 
other half is then filled with oil of sp. gr. J. Fmd the hori¬ 
zontal and vertical thrusts on one half of the surface divided 
by a plane through the vertical radius. 

8. A hemispherical bowl is filled with water ; show that 
the horizontal and vertical fluid thrusts on a portion of the 
curved surface of the bowl intercepted between two planes 
through the vertical radius are fiao® sm a and fiao^a lespec- 
tiyely, where 2a is the angle between the planes 

9. A solid sphere of density q is placed at the bottom of a 
vessel, which is horizontal, and a liquid of density a{<Q) is 
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poured in so as just to cover up the sphere. The sphere is 
then cut along a plane through the vertical diameter. Prove 
that the two parts will not separate unless g > 4a 

10. If one side of a solid completely immersed in a mass of 
fluid at rest under gravity be a plane, show how the calculation 
of the resultant fluid thrast upon the curved surface is 
fa^litated 

11. A solid cone is held with its axis m the surface of water. 
Fmd the resultant hqmd pressure on the immersed portion of 
the curved surface in magnitude and direction. 

12. A hollow closed cone made of matenal of density o' 
and of uniform thickness, can rest m all positions, wholly 
submerged, m a liquid of density g Prove that the semi- 
vertioal angle of the cone must be sm“i J and that the thickness 

of the shell is approximately equal to where h is the 

height of the cone. ^ ^ ^ 

A solid cone whose vertical angle is 60", is just iimneised 
in water with a generating line in the surface Prove that the 
resultant thrust on the curved surface of the cone is equal to 

/7 

\ tmies the weight of the water displaced by the cone and 
find the mclmation of its line of action to the vertical 



CHAPTER VI 

EQUILIBRIUM OF FLOATING BODIES 

50. It has been proved in the last chapter (Arts 40-44) 
that when a solid body is wholly or partly immersed in 
fluid it experiences a thrust, vertically upwards, whose 
magnitude is equal ti- the weight of the displaced fluid and 
whose line of action passes through the centre of gravity of 
the displaced fluid Therefore, whenever we hav’e to con¬ 
sider the equilibrium of a solid in contact with fluids we 
have to introduce this foice along with the other external 
forces acting on the body Then we apply the usual 
principles of statics and get three equations (or less) by 
the help of which the problem can be solved. 

51. As the 8im})lc-it case, let us consider the equilibrium 
of a floating body under the action of gravity alone Let 
A BCD be the body of which the 
portion ABC is under the hquid , 
let the c g of the whole body be 
at O and that of the submerged 
part (or the centre of buoyancy) 
be at H. Also suppose that the 
weight of the body is W and that 
of the displaced hquid is W Let 
the eftcct of the pressure of air be not taken into con¬ 
sideration 

The solid is in equilibrium under the influence of two 
forces only, its weight W acting downwards from Q and the 
fluid thrust W acting upwards through H Hence for 
the equilibrium position, W — W, and they must act along 
the same vertical hne, i e GH must be vertical. / 

79 
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Thus we get the well-known principles . that a fioatmg 
body must displace, fluid of such volume (or volumes) that its 
weight would be equal to that of the body, and that the position 
of the body should be such that the centres of gravity of the 
whole body and of the submerged part are in the same vertical 
line 

52. If the pressure of atmosphere be included, we see 
that the fluid thrust on the body consists of two parts, viz 
the weight of the volume ABC of the liquid and the weight 
of the volume ADC of air, each acting upwards through 
the centre of gravity of the respective volume Hence 
from the consideration of equilibrium we see that the 
weight of the body is the resultant of the weights of the 
displaced flmds, so that its magnitude = the sum of the latter 

Similar remarks will apply if the body displaces volumes 
of two or more fluids which do not mix, or if the fluid 
displaced be heterogeneous, the density at any point being 
a function of the depth of the point. 

53. Ex 1 A cyhnder of wood (sp gr 4 ) of length h, 
floats with its axis vertical in water and oil (sp ^), the 
length of the sohd in contact with oil-being d(<,\h) Find 
how much of the wood is above the liquids , also find to 
what additional depth must oil be added so as just to 
cover the cylinder 

Let X be the length of the solid above the liquids , since 
a length a is in contact with oil, the remamder h-a-x is 
in water 

Weight of the sohd = |whA, where A is the area of its 
cross-section and w is the weight of unit volume of water 
Weight of oil displaced and that of water displaced 

= w{h -a ~x)A. 

IwhA = lwaA+w(h-a-x)A, 
or f A = Jo -t- A- a-X, 

whence a: = JA - Jo 
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Since a its given to be less than Ih, the value of x is 
positive If, however, a were greater than \h, the value 
of X would have been negative, showing thereby that the 
hypothesis as well as the above equations were wrong. 
In that case no part of the cylinder would be above the 
surface of the oil, its length I m contact with oil being 
given by 

JA. = + (A — 1 ), 

whence I = \h 

Next, let y be the additional depth of oil which is neces¬ 
sary just to cover up the cylinder, then the new depth of 
oil, and so the length of the solid in contact with oil 
= a +y its length in water =A -a -y 

Hence, as before, 

\whA —lw(a +y)A +w{h-a-y)A, 
or lh = l{a+y)+h-a-y, 

whence y = \h-a, 

which is positive since it is assumed that h>2a 

Ex 2 A thin umform rod of weight W has a particle of 
weight w attached to one end It is floating, m an inclined 
position, in water with this end immersed Prove that the 
length of the rod above water 
w 

IS - Tir times its whole length 

w + W ^ 

and that the specific gravity 

of the rod is - 

{w -H W)^ 

Let ACB be the rod, CB 
being the part above water. 

Let G, H be the middle points of AB, AC respectively 
The forces on the rod are its weight W at O, the weight 
w of the particle at 'A and the fluid thrust T (which 
is equal to the weight of length AC of water) at 

S.H. V 
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H. Therefore, since T would be the reversed resultant 
of w and W, 

w HG w HG 2HG 2{AG-AH) 

W~AH w '+W~ AG~2AG 2AG 


AB-AC GB 
" AB 


CB- 


AB 

w 


AB. 


w + W 

Again, T + W, also=weight of length AC of water 

weight of length AC of the rod , , 

= — - --where a is the sp gr ot 

the rod 

. „ AC If W 

•• ^=-\D - W= =W+w, 

AB .a w + W a 


whence 


a = 


Wi 


(w + W)^ 


Ex 3 A uniform isosceles triangular lamma (sp gr a) 
floats m vi'ater with its plane vertical, its vertical angle 
(which IS equal to 2a) immersed and the base wholly above 
the water Prove that m the position of eqiuhbrium m 
which the base is not horizontal, the sum of the lengths of 
the immersed portions of the two sides is 2a cos^a where 
a IS one of the equal sides , and that a is less than cos^u 
as well as cos 2 a 

Obviously one position of equihbrium is the symmetrical 
one, the base being horizontal, since in this case both the 
conditions of equilibrium (Art. 51) are satisfied But we 
are reqmred to discuss the other positions of equilibrium, if 
there are any. Assuming the existence of such a position 
we proceed to solve the problem. If, on this assumption 
we arrive at some result which is absurd or incompatible 
with our hypothesis we must at once reject the possibihty 
of the existence of such positions , otherwise not The 
following figure is drawn with C lower than B , clearly 
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there can be a similar position with B lower than C. Thus 
there may be three positions of equilibrium or only one 
(symmetrical) 

Let ED be the section by the surface of water. We have 
to prove, firstly, that AD + AB = 2a coa‘a 
Let AX, AL be the medians 
of the triangles ABC, ADE and " 

0, H their centroids Then the 
weight of the lamina acts through 
G and the fluid thrust through e 
H Therefore for equilibrium 
position, GH must be vertical 
Since KL is parallel to OH, it 
follows that KL is vertical, i e 
KL is perpendicular to ED 
(which IS clearly horizontal, be¬ 
ing the section of the water- ‘ 
surface) Also L is the middle 
point of ED ; KE=KD 

equating the values of KE^ and ED^ obtained from 
the triangles AKE and AKD, 

AE^+AK^ -2AE AK cos a 

^AD^+AK^-2AD . AK cos a, 
or AD^-AE^=2AK{AD-AE)cosa 

either AD =AE which we shall for the present reject 
since it will give the symmetrical position, or 

AD+AE =2AK cos a=2a cos^a.(1) 



Next, we have for equilibrium, 

wt of 6. ABC of sohd=wt of aAED of water, 
aw \AB AC sm 2a =w . \AD . AE sin 2a, 
AD AE 


whence 
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But we know that 4a6<(a +6)® when a and b are unequal. 

{A.D-h A.EA f /I \ 

. . a <-—, or < cos*a, from (1). 


Lastly, to find the other limit of a we remark that the 
greater a is, the greater will be the portion in water, viz. 
the triangle ADE But by hypothesis, the base BC must 
always be wholly above water. Therefore the limiting case 
would occur when DE passes through the lower comer C. 
In that case AD =AG =a , and by (1) 

AE =2a co8^a-a=a cos 2a 


■. by (2), a would be equal to or to cos 2a 

cos 2 a IS the greatest value of a in order that the 
hypothesis may not be violated. 


54. Let us next turn to the cases which involve other 
forces besides those of gravity The method to be followed 
can best be illustrated by solving some examples 

1 A rod of length 21 and sp gr q is hinged at a 
point at a height h above the surface of a liquid of sp gi; 
UQ (n being > 1) The rod remains in eqmhbrium m an 
inchned position, partly immersed in the liquid Find the m- 
clination of the rod to the vertical, and the length immersed 
Let the rod be ACB of which the length CB is m the 
Hquid. AN = h, AB=2l, let 05 = 2a;, the ^NAC = d, 



H and G be the middle pomts of CB and AB respectively 
The forces on the rod are (1) its weight at G downwards. 
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(2) the fluid thrust equal to the weight of length CB of the 
liquid, acting upwards at H, aifd (3)' the reaction of the 
hinge at A,, which must necessarily be vertical To get rid 
of this unknown reaction, we take moment about A If a 
denotes the cross-section of the rod, wo then have 


or 

or 


gg ■ 2?a . AO sin 6 —gnq . 2xa . AH sin 0 =0, 
= nx {21 — x), 


nx^ -2Zax + ; 

r = Z 


1- UI-- 
V w 


j 


rejecting the + sign because x must be less than I Double 
this quantity gives the length of the immersed portion 

Ai fl ^ h j n 

Also, ^°^^-AC~2{l-j>)~2l\n-l 

Note. U h>2{l -x), I e >21 -^1 - the above frac¬ 


tion becomes greater than unity, and there would be no 
possible value of 0 In this case the rod will be hanging 
in the vertical position with a part {21 ~h which is < 2x) 
immersed in the liquid 

Ex 2 A body is weighed, by means of a spring balance, 
in air and in water, and its apparent weights are found to 
be W and IF' respectively Find its true weight, that is, 
its weight when suspended in vacuo, if the sp gi of air 
be 5 

The spring balance registers the force with which the 
body pulls the spring of the balance, which is called the 
apparent weight This force is the resultant of the other 
external forces acting on the body, since the body is in 
equilibrium under the influence of all the forces When 
the body is suspended in air, the other forces are its true 
weight {Wq say), and the fluid thrust of the air which is in 
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opposite direction and equal to Vsw where V is the volume 
of the body and w is the weight of unit volume of water. 

If 0 - Fsw= pull on the spring = If. . ..( 1 ) 

Si mil arly, we can show that when the body is weighed 
in water, 

If, - Fw= pull on the spring = If' . .( 2 ) 

eliminating (Vw) from (1) and (2), we get 

lf„{l_s) = Tf-lf's.. (3) 

whence If, or the true weight can be determined 

Note. When the body is weighed by means of a common 
balance (instead of the spring balance) whose equal arms 
are OA and OB, each pan with appendages and weight- 
pieces (or the body) exerts a vertical downward pull at 
A (or B) of the arm, these pulls are equal in magnitude 
since the arms are taken to be equal and horizontal 

Now the pull exerted on one arm by the corresponding 
pan with the objects placed on it = the true weights of the 
pan and the objects - fluid thrust on them 

As the true weights of the pans are equal and as the 
volumes of the material of which they are made are also 
equal, their true weights as well as the fluid thrusts exerted 
on them cancel each other when the two pulls are equated 
Hence the equation becomes 

the true weights of the objects on the first pan - fluid 
thrust on them 

= true weights of the objects on the second pan - fluid 
thrust on them 

The flmd thrusts may be due to air, or to a liquid, or to 
both, according as the case may be 

Mx 3 A glass, partly filled with a liquid, is placed on 
one pan of a common balance and is counterpoised by 
suitable weight-pieces placed on the other A sohd which 
is suspended by means of a string, is now brought and 
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immersed m the liquid without touchmg the sides of the 
glass, being still in suspension from tile string Neglecting 
the effect of the atmosphere, explain why some more weights 
are now needed on the second pan to balance the glass of 
water 

Let us begin by explaining how the presence of water in 
the glass affects the arm of the balance We might say 
that the pull on the arm is due to the combined weight of 
the vessel and water contained m it (in addition to that of 
the pan) , but this would not be strictly accurate The 
more correct mode of expression would be the following : 
water exerts a downwards pressure on the vessel equal to 
its own weight when the glass contains nothing else than 
water (Art 39) This pressure is communicated by the 
glass vessel to the surface of the pan, and in consequence 
to the arm of the balance m the form of a pull When the 
solid IS introduced in the volume of the water, its level rises 
and consequently the downward fluid pressure on the vessel 
IS in creased The pull on the arm of balance is also increased 
by the same amount, and therefore more weights are required 
on the other pan to counterbalance this additional pull 

To determine the amount of this increase we remark that 
the fluid-pressure on the surface of the containing vessel (m 
the second case) will be unaffected if the solid be replaced 
by water of the same volume, since the pressure at any 
point depends on its depth below the surface and not on 
the presence of the solid Thus it is evident that m this 
case the downward fluid thrust on the vessel will be equal 
to the weight of the volume of water up to the higher 
level, the volume occupied by the solid being included, by 
Art 39 Therefore the increase = the weight of a volume 
of water equal to that of the solid immersed. 

On the other hand, the tension of the string by which 
the body is suspended is lessened by an equal amount, 
because the sohd now experiences an upward fluid thrust. 
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EXAMPLES. 7. 


A solid whose true weight is is weighed in water and 
in another liquid, and its apparent weights are found to be 
and Calculate the sp gr. of the liquid. 

2. A balloon, of volume V, contains hydrogen whose density 
IS to that of the air at the earth’s surface as 2 • 29. If the 
envelope of the balloon be of weight w but of negligible volume, 
find with what acceleration it will ascend. 

3. If the balloon in the last example can float at a certam 
height, obtain the density of the air at that level m terms of 
that of the air at the earth’s surface. 


4. A thin uniform rod AB, of length 2a and weight W, has 
a particle of weight W' attached to a pomt D near the end A, 
A D being of length h The rod floats, in an mclined position, 
freely m water with a length AC ( =2r) immersed. Prove 
aW +bW' 

that X and that the sp. gr q of the material of the 


rojjl is given by ag(IP + W')'‘ = W{aW +hW'). 

5. A ship sailing out of the sea mto a river sinks through a 
liistanoe h , on unloading cargo of weight P, the ship rises 
through a space c. Show that the weight of the ship after 

unloading is where a and g are the sp. gr. of 

sea-water and river-water respectively. The cross-section of 
the ship near the water-level (or water-lme) may be assumed 
to be uniform. 


6. A hollow cube whose side is o and weight W ( < Ja®) is 
floating freely m water (the weight per unit volume of which 
is taken as unity) with a diagonal vortical Fmd the depth of 
tlje lowest vertex of the cube 

7. Show that if a right circular cone floats freely m a liquid 
with its vertex in the surface, the density of the hquid must be 
double of that of the solid and the axis of the cone must he 
on the surface of the liquid. 

8. A cylmdncal vessel contammg some water rests on a 
horizontal table , if I dip my hand in the water without touch¬ 
ing the vessel, how is the pressure on the table affected ? 

9. A bucket almost full of water is suspended from a spring 
balance. A solid, heavier than water and of volume V, is 
immersed while m suspension by means of a string held in 
hand, it is noticed that a volume v of water overflows from 
the bucket. Find the change in the reading of the sprmg 
balanc^. 



EQUILIBRIUM OF FLOATING BODIES 89 


10. A uniform rod is bent into the form of the throe sides 
AB, BC, OD of a square A is attached to a hinge fixed on 
the surface of water and the frame rests in a vertical plane 
with AB, BC and half of CD immersed m water Obtain the 
sp ^r of the rod 

11. A thin conical shell whose height is 12 in and radius of 
the base 4 in , has a silver sphere of diameter 3 in. placed 
withm it The shell is floated m glycerine (sp gr 13) with its 
axis vertical and vertex downwards. If the sp gr. of silver 
be 10 4 and the weight of the shell be Jth of that of the sphere, 
find to what depth it will sink 


12. An equilateral tiiangular lamina ABC of sp. gr w“( <1), 
IS movable about a fixed hinge at A and is m equilibrium when 
the corner C is immersed in water and A B horizontal and above 
the water. If the triangle be turned about A in its vertical 
plane and kept m the position with the side BC immersed and 
horizontal, prove that the action of the hinge in this position 

IS ^ times the weight of the lamina 


13. Show that a uiufoim laimna in the form of a parallelo¬ 
gram cannot float m a liquid in a vertical plane with one side 
(or diagonal) horizontal unless it be rectangular (or equi¬ 
lateral). 


14. Show that a uniform triangular lamina cannot float 
vertically m a liquid with one side horizontal unless it is 
isosceles. 

15. A spherical shell of copper (sp gr. 8) floats in water with 
half its surface immersed Fmd its internal ladius if the 
external one be 10 inches 


16 An alloy of gold (sp. gr. 19) and silver (sp. gr. 10 5) 
floats with 4 ^ of its volume m mercury (sp gr. 13 6) and the 
remainder in a liquid of sp gr 0 8 Find the proportion of 
gold and silver m the alloy. 

17. A cylindiical vessel the area of whose cross-section is a, 
is placed with its base horizontal An iron cylmder (sp. gr 7 6) 
of height H and cross-section fi, rests with its axis vertical on 
the bottom of the vessel Mercury (sp. gr 13 5) is poured into 
the vessel up to a depth h(< IH), water is then poured on 
the top of the mercury mitil the iron cylinder is covered Show 

that the latter would rise through a height (\--'\{h~ -5211], if 
h> 52H. V «/ 
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18. A hollow conical vessel floats in water with its axis 

vertical and - of its axis invnersed. Find to what depth must 

n 

the vessel be filled with water so that it may just sink till its 
mouth IS on the level with the surface of the water outside. 

19. A right circular cylinder floats m a liquid of density q 
with half of its axis immersed, the axis being vertical. Another 
liquid of half the density is poured on the top of the former to 
a depth equal to half the height of the cylmder. Find by 
how much the cylinder has risen. 

20. A cylinder of sp gr 2q floats with its axis vertical in 
contact with two liqmds of sp. gr q and Sg respectively, the 
height of the cylinder being equal to the depth of the upper 
liquid. Prove that the pressures on its ends are as 1 . 5 

21. A right circular cylmder (sp. gr. a) floats in water with 
its axis vertical, one-third being above the water If a be the 
sp. gr. of air prove that 3a = 2 -t-s 

22. A right circular cylmder is floating m water with its axis 
m the surface when the sp gr of air is 00128 If this sp gr 
increases to 0013, find the new voluino of water displaced by 
the cylinder and show t hat its axis has risen by approximately 
•000016 of the radius of the base 

23. A solid IS weighed by a spring balance and its weight is 
found to be w If the eftect of the atmospheie be taken into 

account, prove that its true weight is to w as 1 1 - whore 

s and Q are tho specific gravities of the air and the solid 
respectively. 

24. A solid IS weighed by means of a common balance and 
weight-pieces, and its weight is to be foimd to be w Taking 
the effect of the air into consideration, calculate its true weight, 
given that a, g and cr are the specihe gravities of the air, the 
solid ^d the weight-pieces respectively 

A uniform rod, of length 2o and density g, is movable 
in a vertical plane about one end which is fixed in a liquid of 
density g' at a depth 2h below its suifaoe A liquid of smaller 
density cr is added on the top of the first liquid , if in the 
oblique position of ecluilibrium the rod is just covered by the 
lighter liqmd, prove that its inclination to the vertical is 
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26. Two uniform straight rods of lengths 2o, 26 and sp. ct. 
Q, a respectively, are joined rigidly together to form one strai^t 
rod. If it floats freely m water in an inclined position, the rod 
of length 2a and part of the othei being immersed, prove that 

a^gfg - 1) +2o6a({> - 1) +6“cr(cr - 1) =0 

27. Two uniform rods AB, BG (of the same cross-section 
and of lengths a, 6 respectively) are hmged together at B and 
the system can tarn freely m a vertical plane about a fixed 
hinge at A, which is kept on the surface of water The rod AB 
IS of ivory (sp gr 1 !)) and BO of wood (sp. gr 0-5) Show 
that in the position ot equilibrium wherein the rods are in¬ 
clined to the vertical, the portion of BC which is above water 
IS of length {h - u this be positive. 

28. A thin hemispherical bowl has a heavy particle fixed to 
its run and floats in vator with the particle just above the 
surface when the plane of its rim is inclined at 45° to the 
hoiizontal Compare the weight of the bowl with the weight 
of the water it can hold 


29. Discuss the conditions of equilibrium of a solid body 
which IS wholly or partly immersed m a heterogeneous fluid 
whose density is a given function of the depth. 

30. A solid lieraisjihere of radius a and weight W is floating 
m water with its ba.se upvards , a small weight tc is placed on 
the base nt a distance c from the centre If the solid now 
floahs with the base above water, find its mchnation to the 
hoi izontal 


31. A solid sphere of radius a is just immersed in three 

liquids -whose densities aie as 1 3 • 5 ; the two surfaces of 

separation of the liquids are at depths \a and from the 
top (’oinpare the density of the sphere with that of the 
topmo.st liquid 

32. A buoy made of uniformly thick .sheet metal which 
weighs w per unit area consists of a hemisphere of radius a 
surmounted by a hollow cylinder of height h which is closed 
at the top. Prove that the buoy will float m a liqmd of 
density q without any portion of the cylinder being immersed 
if ia^gQ > 3tv( 3a + 26). 


33. A candle of sp. gr g floats vertically m water; it is 
lighted, and the flame is observed to descend towards water 
with uniform velocity u. Assummg the water to be still, 

prove that the candle burns with the velocity 
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34. Two equal uniform rods AB, BC made of material of 
sp, gr. J, are rigidly jointed at B I'hey float freely in water 
m unsymmetncal position with B immersed and C on the 
surface, the plane ABC being vertical Prove that BA and 
BC are inclined to the horizon at angles whose tangents are 
2 and J respectively 

35. Two equal uniform rods of sp gr 75 are hmged 
together and their other extremities are joined together by a 
weightless strmg of such a length that the whole forms a 
right-angled isosceles triangle when the string is tight. This 
floats m the sjmimetrical position with the right angle im¬ 
mersed in water. Compare the tension of the string with the 
weight of each rod. 

36. Two equal uniform rods AB, BC, rigidly jointed at B 
at an angle 2a, float m a liquid m an unsymmetncal position 
with B immersed and A and C outside the hquid Prove that 
the ratio of the density of the rods to that of the liquid lies 

between , and 1 cos^a 

Ll +sin*aJ ^ 

37. If the system of the previous question float in a liquid 
of twice their density in an unsymmelrical position with the 
angle B outside and the free ends immersed, prove that 
Cota'S =cot^a - 2, where 6 is the inclination of the bisector of 
the angle between the rods to the horizontal 

38. A solid cone is divided into two parts by a plane through 
the axis and the parts are joined together by a hinge at the 
vertex. They are put together so os to form the complete 
cone, and m this position the system is made to float m watei 
with the vertex of the cone downwards and the axis vertical 
If it floats without separation of its parts, pro\'e that the sp gr 
of the material of the cone is gi eater than sm®a, a being the 
semi-vertical angle 

39. A uniform lamina m the form of an equilateral triangle 
floats with its plane vertical. Show that there will be only 
one position of equilibrium with a vertex below and the 
opposite side wholly above the surface of the liquid unless 
the ratio of the sp gr. of the liquid to that of the lamina is 
greater than 2 

40. A heavy parabolic lamina of uniform thickness is 
bounded by a double ordinate whose length is V? times the 
latus rectum. It floats m water wnth its plane veitical and 
the focus on the surface, the axis being mclmed to the veitical 
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and the bounding chord wholly outside the water. Show that 
the axis makes an angle 45° with the vettical and determme 
the sp gr. of the lamina. 

41. A square board is placed with its plane vertical, in a 
liquid of four times its density , show that there are three 
different positions in which it will float with two sides wholly 
above the surface and determine them 

42. A right circular cone is floating with its axis vertical 

and vertex downwards in a liquid and ^th part of its axis is 

immersed A w^eight equal to the weight of the cone is placed 
at the centre of the ha upon which the cone smks till its axis 
IS totally unmersed, beiove nsmg Prove that + n^ +n = 7. 
[Apply the pimciplo of energy and work, assummg the surface 
of the liquid to be the same throughout the motion of the cone.] 

55. Let a solid body float in a liquid so as to displace a 
volume of the liquid whose weight is equal to the weight of 
the body, the centre of mass of the volume immersed is 
called the centre of buoyancy (cf. Art. 44), and the section 
of the solid by the surface of the liquid is called the corres¬ 
ponding plane of floatation 

The above detiiutions do not stipulate that the solid 
.should float in a position of equilibrium under gravity On 
the contrary the solid may float in any manner whatsoever 
provided that the liquid displaced is always equal in weight 
to that of the body If the hquid be homogeneous, this 
requires that the volume of the liquid displaced should 
always be the same Thus, the plane of floatation and the 
centre of buoyancy may also be defined as follows 

Let Q be the density of the liquid and W the weight of 
the solid ; let V be defined by ggV — W. If any plane cuts 
off from the solid a part whose volume is equal to V, then the 
section of the solid by this plane is the plane of floatation and 
the centre of mass of the volume V cut off is the corresponding 
centre of buoyancy. 

It 18 evident that a given solid may have an indefinite 
number of planes of floatation and corresponding centres 
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of buoyancy with reference to a liquid. The locus of the 
centres of buoyancy is said to be the surface of buoyancy 
and the envelope of the planes of floatation the surface of 
floatahon. 

If the body be a thin plane lamina, and if it be made to 
move in its plane so as to displace the same amount of 
liquid (whose weight would equal that of the lamina), then 
the section of the plane by the surface of the liquid is 
known as the line of floatation, its envelope the curve of 
floatation and the locus of centres of buoyancy the curve 
of buoyancy. 

The above three terms are sometimes used to denote the 
section by a plane, of the plane of floatation, the surface of 
floatation and the surface of buoyancy respectively. 

56. The centre of buoyancy is generally denoted by the 
letter H and the centre of gravity of the whole body by 0 
The line joimng (? to H is not always perpendicular to the 
corresponding plane of floatation. But if H corresponds to 
a position of equilibrium, that is, if H be the centre of mass 
of the submerged volume when the solid floats m equili¬ 
brium, OH must be vertical (Art 51) , and smce the plane 
of floatation is always horizontal, being the plane of the 
surface of the liquid, OH is normal to this plane Thus the 
position of equilibrium has this important property : that 
the line joining the centre of gravity of the whole body to the 
centre of buoyancy for this gjosition is perpendicular to the 
corresponding plane of floa tation 

57. The tangent plane to the surface of buoyancy at any 
point on it is parallel to the corresponding plane of floatation 

Any point H on the surface of buoyancy is a centre of 
buoyancy for some position of the floating of the solid 
This centre, H, has the corresponding plane of floatation, 
say X. It is to be proved that the tangent plane at H to 
the surface of buoyancy is parallel to the plane X 
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Let ACB denote the plane of floatation and H the 
corresponding centre of buoyancy , i e 'H is the c g of the 
volume ADB cut off by 
the plane ACB 

Let A'CB' denote an¬ 
other plane of floatation 
which makes a small 
angle with the plane 
ACB Then the plane 
A'CB' may be called 
an adjoining jilane of 
floatation to the first 
plane. We can determine the corresponding centre of buoy¬ 
ancy, H', by the following method 

Let g and /denote the c g of the wedges AC A' and BCB' 
respectively and G-^ the c g of the volume A'DBC. 

vol ADB = xiA A'DBC+ ACA' 

wt of vol ADB IS the resultant of the weights of the 
vols A'DBC and ACA' at their respeetive eentres of 
gravity, viz U, 0^ and g 

gH • HGi =vol. A'DBC wedge ACA' .(1) 

Since vol A'DB'=\o\ A'DBC+ BCB', 

the c g of the vol A'DB', t e H', lies on the line joining 
the c g of the volumes A'DBC and BCB', i e on the line 
G^f, such that 

JH' H'Gi=vol A'DBC wedge BCB' . (2) 

But wedges ACA' and BCB' are equal in volume, since, 
by hypothesis, the vol *lDB=thevol A'DB' Therefore 
from (1) and (2) we have 

gH HG^=fH' H'G^, 
whence HH' is parallel to gf 

Now let the plane A'CB' be made to approach and 
ultimately to coincide with the plane ACB. In the hmiting 
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position, the points g and / and therefore the line gf falls 
along the plane AGB Also, the hne HH' becomes ulti¬ 
mately the tangent (at H) to the locus of the centre of 
buoyancy or the surface of buoyancy 

Thus a tangent at H to the surface of buoyancy is 
parallel to a hne in the plane AGB and therefore to the 
plane AGB itself 

This would be true for all tangents Hence the tangent 
plane at H to the surface af buoyancy is parallel to AGB, 
the correspondmg plane of floatation. 

58. If from the centre of gravity, 0, of a solid body normals 
are drawn to its surface of buoyancy, the points on this surface 
at which these lines are the normals, are the centres of buoyancy 
corresponding to the positions of equilibrium in ivhich the 
solid can float in the liquid 

Let H be one of the points on the surface of buoyancy 
the normal at which passes through 0 GIl, being 
perpendicular to the tangent plane at H to the surface 
of buoyancy, is perpendicular to the corresponding plane of 
floatation (Art 57) Hence, by Art 5C, H is the centre 
of buoyancy corresponding to a position of equilibrium of 
the body. 

Thus the problem of the determination of the positions 
of equilibrium of a floating body reduces to that of finding 
the normals to the surface of buoyancy from the pomt O 

In the case of plane areas, normals to the curve of 
buoyancy are to be determined 

59. We shall now determine the forms of the curve or 
the surface of buoyancy in some simple cases and apply 
(to them) the principle stated above 

Bx 1. A triangular lamina floating with its plane vertical 
with an angular point immersed and the opposite side above 
the surface of the liquid. 
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Let ABC be a triangle (Fig 40) and let ED be the line 
of floatation and H the corresponding "centre of buoyancy. 
Take AC, AB ds axes of a, y, and let the coordinates of H 
be (* 1 , Then, since H divides AL in the ratio 2.1, 
Xi=^AD, t/j = JAE Now the area oi the aADE is con¬ 
stant, since it denotes the amount of the liquid displaced 
Let O’, Q denote the densities of the lamina and the liquid 
respectively. 

.■. AADE.q = aABC a, or ad AE.q=AB AC a 
substituting, 

x^y^=lAD.AE = lAB AC = P (say) 

the locus of H, or the curve of buoyancy, is the 
hyperbola xy=k^, whose asymptotes are AC and AB ...(i) 

Again, the locus of L is the hyperbola 

xy = iAD AE = 'lB, 

since the coordinates of L are \AD and \AE ; it has the 
same asymptotes AC and AB And as the line ED, 
between these asymptotes, is bi.sected at L, ED is the 
tangent to the hyjierbola at L Therefore, the envelope of 
ED or the curve of floatation is the hy]ierbola 

■'>!/='Ik- .(ii) 

The equation of the curve of buoyancy referred to internal 
and external bisectors of the angle BAG (~ 6) as axis of x 
and y, can be found to be 

sec^^-y^ cosec^^ =4k^ .(ml 

The normal to this at a point {x\ y') is 
xy' cos^ ^ fiin^ ^ 


s n. 


G 
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Transferring the equation back to the original axes, we get 
the equation to the normal to the curve xy = k'^ at the point 
H or (* 1 ,as 

X {z^ - cos 0) + y (a:i cos d-yi)= x.^ - y^. 

If this passes through 0 oi g) we must have 

b (*1 - 2 /i cos 6)+c{xy cos 0 -y^) =3 (xy^ - yy^) 

Let AD=^, then Xy=^^, and Xyyy=^AD AE 
Substituting in the above and simphfying, 

I* - (6 +ccos 6)i^ + Qk^(c + bcos - 81F = 0. ...(iv) 

The roots of this equation give the values of f (or the 
immersed portion of the side AC), and hence the positions 
of equilibrium Since the last term is negative it is clear 
that of the four roots, one or three should be negative and 
hence madmissible Thus the remaining three (or one) 
give three (or one) positions of equilibrium 

Considering the case of the isosceles triangle (cf Ex 3, 
Art 63), we get by putting 6 = c in (iv), 

-6(1 +COS + 9k%{\ +C08 6)5 -81fc^ =0, 
or (I* - 81A:*) - 6 (1 +cos 6) | - 9A;-) =0 

either |^=9P or -6(1+cos 0)f =0.(v) 

The first gives | = 3A:, whence AE - AD =^3k This is the 
symmetrical position 

If the second gives possible values, then there wdl be 
the corresponding positions of equihbrium as well Obvi¬ 
ously both the roots, if real, are positive, and we have for 
real roots, 

6“(1 -t-cos 9)^>3Qk“, 

6^ cos* ^ > 9k^, i e. > ^ b^, 

Z Q 



or 




EQUILIBRIUM OF FLOATING BODIES 99 

If this condition is satisfied there wiU be two more 
positions of equilibrium If be the two roots, 

f if 2 = 9^* and f 1 + f 2 = 26 cos* . 

Smce f . AiJ=9P, fj must be AE. Hence the second 
result can be written as 

AD+AE=2b cos*? 

These are in accordance with the results previously obtained 
wherein p had been taken as unity. 

Ex 2. A lamma bounded by an hyperbolic arc and a 
chord floats in a vertical plane with the chord above the 
surface of the liquid. Find the forms of the curves of 
buoyancy and of floatation 

Let ABB' be the hyperbolic lamina, QQ' be a hne of 
floatation and H the correspondmg centre of buoyancy. 



Then H lies on the diameter CP V, which bisects the system 
of thm strips parallel to QQ' (which are honzontal). Also 
the area QAQ' wiU be constant for all possible lines of floata- 
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tion, since area QAQ' ■ area BAB' = a. g where a and q 
are the densities of the lamina and the hquid respec¬ 
tively. 

To find the magnitude of the area and the position of H, 
we draw the diameter OD conjugate to CP , let their 
lengths be h' and a', and the lPCD = 0 

Taking these as axes of y and x, the equation of the 
hyperbola is 


Dividing the area AQQ' into thin strips parallel to QQ' 
we obtain this area 


= r 2ydx 

ja' 


sin 0=2 sm i 


• 1 b'dx 


= a' 6'sin 0 


x' jx'' 
a' y a' 


— -1 
'2 


m- 


where CV = x'. 

Now, a'b' sin 0 denotes the area of the parallelogram 
formed by the conjugate semi-diamcters , therefore this is 
constant Thus the area AQQ' = a constant x a function of 

X 

,; and since the area is constant for all values of x' 
a 

and a', it follows that x' a' or CV CP must be con¬ 
stant 

Agam, the distance CH is, by taking moments about CD, 
obtained as 



2xy dx sm 0 


-;-area AQQ', 


or 


2 sm 0 



-1 


0'da-—area AQQ', 


'\a'b' sm 0 



.a'—area AQQ'. 


or 
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As before, this last expressiou can be written as 

CH :a'=CH-.CP -- 




since x' ■ a' has been proved to be constant 

To find the locus of H, let us refer the hyperbola ABB' 
to its asymptotes C'T, CT' Its equation is thena:y = c® 
Let the coordinates <>f P be (*j, y^) and of H {x^, y^. 

Then — = = X Therefore 

Vi CP 

x^y^ = 

So the locus of is another hyperbola, xy = A^c®, having 
the same asymptotes CT, CT' 

Again, as 07 CP is constant we can similarly prove 
that the locus of V is also an hyperbola with the same 
asymptotes And since qVq' is bisected at 7, this line 
must be the tangent to this hyperbola at 7. This is, 
therefore, the envelope of QQ', or the curve of floatation 


EXAMPLES. 8. 

1. A circular di&c is lloatinp in liquid with its plane vertical 
Show that the curve.s of floatation and of buoyancy are con- 
centiic circles 

2. A solid hemisphere floats in water with its plane base 
wholly above the surface , determine the forms of the surfaces 
of floatation and of buoyancy. 

3 A rectangular lamina A BCD floats ui a vertical plane 
with BC and parts of AB, CD immersed in the liquid. Prove 
that the lines of floatation pass thiough a definite point, and 
that the curve of buoyancy is a parabola whose axis passes 
through the middle points of AD and BC. 

4. A uniform thin lamina whose shape is a parabola bounded 
by a double ordinate, floats in a liquid with its plane vertical 
and the bounding chord wholly outside the liquid. Prove that 
the curves of floatation and of buoyancy aie equal parabolas 
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STABILITY OF EQUILIBRIUM OF FLOATING 
BODIES 

60. Suppose a solid body to be floating, partially * 
immersed in a liquid, in a position of equilibrium , let it 
be given any slight displacement and then left to move 
under the influence of the forces acting on it If the forces 
tend to bring the body back to the original position the 
equilibrium is said to be stable, if they cause tlie body to 
recede away from the original position the equilibrium is 
said to be unstable ; and if the body remains at rest in the 
displaced position, the equilibrium is neutral 

To be more strict, we ought to define the stable, unstable 
or neutral equilibrium for the particular displacement (or 
type of displacement) under consideration , because the 
body may be stable for one displacement, but unstable for 
another. Such cases are often met with, in this chapter we 
shall discuss certain types of displacement only (see Art 62) 

61. Firstly, we shall show that floating bodies are stable 
for vertical displacements, that is, when the body is lightly 
pressed down or lifted up without any angular motion 
In the first case the solid would displace more liquid in 
the new position ; therefore the fluid thrust on it will be 
greater m magnitude than that m the position of equi- 
hbnum, i e greater than the weight of the body Hence 
the resultant force on the body will be upwards, lending 
to move the body up, i e towards the original position 

* It may be totally immersed if the flmd be heterogeneous , the 
definition holds in this case too 
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Similarly, if the body be lifted up, it would displace less 
liquid, and its weight being now greater than the fluid 
thrust would urge the body downwards, i e. towards the 
original position 

The bodies are here considered to be rigid, i e to be 
incapable of changing its volume under pressures. The 
above would not be true, in general, for those bodies whose 
volumes change with their depths. 

62. A general displacement consists of a rectilinear dis¬ 
placement together v, ith an angular one. In the case of a 
floating solid we can give it a vertical and a horizontal 
displacement, as also an angular one about some convenient 
line When these displacements are small, as in the case 
of the present problem of studymg the stability of the 
solid, they can be dealt with separately. We have already 
seen that for vertical displacements the equilibrium is stable 
For horizontal ones, the forces acting on the body do not 
undergo any change as regards their magnitudes or relative 
lines of action So the body remains in equilibrium m the 
new position as well. Thus the equilibrium is neutral for 
horizontal displacements 

As regards angular displacements we shall confine our 
attention to those in which the immersed portions of the 
solid remain of the same volume so that there is no tendency 
of the fluid thrust in the displaced position to raise or lower 
the body. The rest of the chapter deals with such dis¬ 
placements We shall first show how a displacement of 
this kind can be given to the floating body. 

63. If the plane of floatation be turned through a small 
angle about a line through the centre of gravity of its area, the 
new position of the plane cuts off from the body the same volume 
as before and,is therefore another plane of floatation of the body 

In other words, if the floating body be given a small 
angular displacement by tummg it about a line in the plane 
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of floatation through the c g. of the area, the body will 
displace the same volume of hqmd as before. 

Let AB ho the plane of floatation, C the c g of its area 
and ADB be the volume immersed Let A'B' be another 
plane through Cx, a line through C m the plane AB. To 
prove that the vol ADR = the vol. A'DB’. 

Take Cx and a perpendicular line CB in the plane AB 
as axes of x and y, so that CA is the negative side of the 
y-axis and y of any point P' on this side of Cx (to be denoted 



by y') IS negative Divide the area AB into small elements 
such as a at P on the positive side of Cx and a' at P' on 
the negative side On them draw cylinders between the 
planes AB and A'B' Then 

the vol of the wedge BCB' 

= sum of such cylinders to the right of xx' 

PQ = 0Eay, . . . .(1) 

where 6 denotes the angle between the two planes , 0 being 
small, PQ =PiV tan 6 =PA 6= yd. Similarly, 
the vol of the wedge AC A' 

= sum of the cyhnders to the left of xx' 

= Za' P'Q'= -BZa'y’, .(2) 

since the y'’s are negative on this side and the volume 
should be positive 
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Now, since the c g of the area AB is at the origin of 
coordinates 2^ay=0, the summation extending over the 
whole area AB , this may be written as 

Zay +Ea'y' =0, 

where the first summation is taken over the portion xBx' 
and the second over xAx'. 

OZay = - dZa'y' 

From (1) and (2) this is equivalent to 
the vol of the wedge BOB' =the vol, of the wedge AC A' 

Adding the vol A'CBD to both sides, we get 
vol A'DB'=vo\ ADB. 

64. Metacentre Let G denote the c.g of the floating 
solid and H its centre of buoyancy in the position of 
equilibrium , then OH is vertical in that position Let 


FlO 45 

the body be slightly displaced so that H' is the new centre 
of buoyancy and let the vertical (in the new position) 
through H' meet OH in M Then M is called the meta- 
centre of the body 

The forces on the body (in the displaced position) are its 
weight at G and the fluid thrust at H' , these constitute 
a couple whose moment =gfpF GM sm. 6 or ggVd GM, 
where V is the volume of the liquid displaced, q is its 
density and d is the small angle through which the body is 
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turned, viz the angle HMH' This couple is generally 
referred to as the restoring couple. 

(1) If the metacentre M is above 0, as in the left-hand 
diagram, the restoring couple tends to bring QH to the 
vertical, ^ c tends to bring the body back to its original 
position , hence the equilibrium is stable 

(2) If the metacentre is below G, as in the right-hand 
figure, the restoring couple tends to increase the angle 6, 
i e causes the body to recede further from its original 
position , hence the equilibrium is unstable 

(3) If M coincides with O, OH' is now vertical and so the 
condition of equilibrium is satisfied (Art. 51). The body 
remains at rest in the displaced position , the equilibrium 
IS thus neutral 

In other words, the equilibrium is stable, unstable or 
neutral according as HM >, <, or = HO. 

The length OM is sometimes called the metacentric 
height 

65. Since H'3I is vertical, it is perpendicular to the plane 
of floatation and therefore to the tangent plane at H' to 
the surface of buoyancy (Art 57) Therefore H'M is 
normal to the curve of buoyancy at H' For a similar 
reason HO (or H3I) is the normal to the same curve at H 
Since H and H' are neighbouring points on the curve, we 
see that JW is a centre of curvature of this curve Thus the 
theorem : 

The metacentre is the centre of curvature to the curve of 
buoyancy at the point which corresponds to the position of 
equilibrium 

66. Let us consider, as an example, the case of an 
isosceles triangular lamina floating in a vertical plane with 
its vertex immersed and the base out of the liquid (cf 
Ex 1, Art 59, and Ex 3, Art 53) 
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The curve of buoyancy was shown to be 


or a:**3ec‘'2 -i/*cosec^2 =4P, 

according as its asymptotes or its principal axes were chosen 
to be the axes of coordinates, so that the semi-axes of the 
hyperbola are 

a' ^ 21c cos ^, })' = 2h sin ^ 

jy 2i 


Now the radius of curvature at the point H or (* 1 , y^) 
according to the first system of axes is given by 

a'l>' 


where r is the distance of the point from the centre So 

+'lxiy-i cos f 

Substituting, we get the radius of curvature for the 
equilibrium-position, or, 


UM + 2 ^ ^1 


C 08 ‘‘ 


b^J ’ 


using the conditions -e yj =-’6 cos^and x^y.^ = k^ (Ex 1, 
Art. 59) ^ 

Also, 


HO^ = 


3 


*■1) +^(3 “-^i)(3-2/1)®®®®* 


whence 


un 26 6 

sin 2 


d 9F\^ 


COS'2-6^; 


The equilibrium will be stable, neutral or unstable 
according as 


HM>, =, or <HG, 
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6 f „ 0 9fc2\ ^ I 


. d 9k^ a 

or as cos* 2 ^ < “ga ^ 

But it has been shown m the example referred to 

0 G 

that for equilibrium cos* 2 ^ g‘ Hence the unsymmetrical 

position of equihbrium is stable 

For the symmetrical position of equilibrium, we have 

HM (or the radius of curvature) 

2/0 0 \ 

=21:-= 21: ( sec - cos 


And HO = lb cos 


SjfcX „ 


6 n, 0 

fb cos 2 “ 2 


Since cos“ 2 ^ ^ equihbrium, ^ cos 2k sec ^ 

Thus the equilibrium is unstable 

If, however, the unsymmetrical positions of equilibrium 
are not possible, we must have 

^0 a ,0 3k 

cos* „ < or cos* „ < ~r 
2 Q 2 b 

for the symmetrical position, H31 > HO or the equi¬ 
librium IS stable 

67. The method indicated in the previous article gener¬ 
ally entails elaborate calculations, and is therefore seldom 
resorted to The elegant formula which we are now 
going to establish provides an easy mode of determining 
the value of HM m many cases. The length HG is cal- 
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culated, as before, from the knowledge of the coordinates 
of H and G. 

Let 0 and H denote the centres of mass of the whole solid 
and of the volume V immersed in the liquid in the position of 
equilibrium ; let a vertical plane through O, H be a plane of 
symmetry of the body {or at least of the part of the body im¬ 
mersed in the liquid and of the adjoining portions) If the 
body be given a small angular displacement about the line Cx 
through the c g , 0, of the plane of floatation (Art. 63), which 
IS perpendicular to the vertical plane of symmetry, the length 
HM (for this displacement) ^Ak^jV, where Ak^ is the moment 
of inertia of the plane of floatation about Cx 

The condition that the vertical plane through Q, H is a, 
plane of symmetry ensures that m the displaced position 
the new centre of buoyancy, viz. H', should be in this plane 
as also the c g , G, of the plane of floatation 

Let the plane of the paper be the plane of symmetry and 
let Ox be the hne, perpendicular to this plane in the plane 
of floatation, ACE, correspondmg to the position of equi¬ 
librium. Let A'CB' be the plane of floatation in the new 
position and 0 the angle between the planes (which intersect 
along Cx) The line Cx is not indicated in the diagram. 
Also, let Q be the density of the liquid 

Draw H'M perpendicular to the plane A'CB' to meet HG 
in 31, then 31 is the metaceutre* and the angle H3IH' = 6 
Let g and / denote the c g of the equal wedges AC A’ 
and BOB' (Art. 63). The forces acting on the body m the 
displaced position constitute a couple of moment ggVO . G3I 
(Art 64) about an axis perpendicular to the plane of the 
paper. Smee moments of a couple about parallel axes are 
equal, the moment of this couple about the parallel axis 
through G must have the same value. 

* In order that M may exist it is necessary that the vertical line 
through H' should intersect HO; this is assured if the vertical 
plane through G, H is a plane of symmetry and so contains H' for 
any small value of 6. 
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We shall next find another expression for this moment 
which is equal to the sum of the moments of the weight of 
the body through 0 and the fluid thrust through H'. The 
former force has no moment about the axis through 6. 



Now, the fluid thrust (reversed in direction) is equal to the 
wt of the vol A'DB', which is equal to the wt. of the vol 
ADR + the wt of the wedge BOB' -the wt of the wedge 
ACA'. Let V denote the vol of each wedge. 

from statical principles, the fluid thrust (which acts 
upwards) is the resultant of a force gpF (=wt. of ADB) 
acting upwards through H, a force gqv (=wt of BOB') 
acting upwards through / and a force ggv (=wt. of ACA') 
acting downwards through g. 

moment of the fluid thrust = algebraical sum of the 
moments of the three latter forces. 

The moment of the first of these forces 

=-ggV HGsmd= -gQVd . HG .(1) 

smce it is in opposite direction to that of the fluid thrust 
The other two forces form a couple whose moment is 
equal to its moment about Cx, a parallel axis To determine 
the latter we take in the plane ACB the perpendicular hues 
Cx and ACB as axes of x and y respectively, CB denoting 
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the positive direction of y We next divide, as m Art 63, 
the area AB (see Fig 44) into elements like a at P on the 
positive side of y, and a' at P' on the negative side. Then 
the vol. of the wedge BOB' =Uayd and that of AGA' 
= -Ea'y'B. [See (1), (2) of Art 63 ] 

the moment of the upward force gqv through / 

= 8um of moments of upward forces Egqday, at 
respective elements, 

=gQ6Zay^, 

and the moment of the downward force ggv, through g, 

= sum of moments of downward forces, -EgqOa'y'. 

at respective elements, 

=gQdEa'y'^, 

smce it is m the same sense and y' is negative, 
their sum =gQ0{Eay‘‘‘ +Eu'y'^} 

= gQd Ak^, .( 2 ) 

where Aki^ is the moment of inertia of the area AB about 
Cx, by defimtion Therefore adding (1) and (2) we get the 
restoring couple to be 

gQB{Ak‘^-V.HG) .(3) 

Equating it to the former value, viz gqdV 031, and 
removmg the common factor ggO, we have 
V G3I^Ak^-V HO 

AlA 

HO + GM OT (4) 


68. The following is another proof of the above theorem 
due to Besant and Ramsay [Hydromechanics, Pt, I, 7th 
edition, pp 103-4] 

The plane of symmetry, m this proof also, is taken as 
the plane contammg the pomts G, H, H' and M which 
have the same significance as in the last article. The 
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points 0 and M are not shown in the accompanying 
diagram for the sake of a clear figure ; 0 lies on HL pro¬ 
duced and M is the intersection of HL and the Ime through 



H' perpendicular to the plane A'B' The lines Cx, CB and 
CZ (perpendicular to the plane AB) are taken as axes of 
X, y, z respectively, CZ being taken downwards and CB 
the positive side of y. Draw HZ, H'Z' perpendiculars to 
CZ, and HL parallel to CZ meetmg H'Z' in L 

Divide the area AB into elements such as a at P on the 
positive side of y and a' at P' on the negative side On 
these elements draw cylmders having their axes parallel to 
CZ, i e perpendicular to AB, and let them meet the surface 
of the immersed solid in Q, Q', and the plane of A'B' in 
R, R' respectively. Then the volume cut off by A P 

= sum of cylinders like PQ and P'Q' 

= Za.PQ+Za'.P'Q', 
whilst the volume cut off by A'B' 

= sum of cylmders like RQ and R'Q' 

= Za.RQ+Za'. R'Q', 
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the first term of each sum representing the summation over 
the area xBz' and the second term over the area zAz' 
moment of the first volume about Cz 

^Eay PQ+Zay'.r'Q', 

y, y' being the ordinates of P, P' , the second term is 
clearly negative as it should, since y'’s arc negative 

F HZ=Eay PQ+Ea't/ P’Q' .(1) 

since H is the eg of this volume * Similarly we shall 
have from the second volume, 

V.H'Z'^Eay RQ + Za’y’. R'Q' .(2) 

by subtraction, 

F (H'Z'-HZ)=Eay PR -La’y’. P’R' .(3) 

But PR =PN tan 6 =?/ 0 and P'R' = —y'd, since y' is 
negative , but P'R' is taken as positive in the equation (3) 

F H'L = eiay^ + e la'y'^ 
-^6\Eay^+Ea'y"^] 

= 0 Ak\ . (4) 

from definition And H'L = H'M sm 0 = H'M .0^ HM . 6, 
since 0 IS small and H, H' are quite close to one another 

J12 

Therefore HM =y . (5) 


69. The position of the metacentre, or what comes to 
the same thing, the metacentne height (viz OM), may be 
determined experimentally as follows 

A part of the floating body (or .ship) of known weight w, 
which IS purposely designed to be detachable, is shifted 
from the oiiginal position to another through a horizontal 

* The weights of the elements may be supposed to be all acting 
parallel to CZ^ as this does not affect the position of the c g of the 
volume If the portion immersed has some bulging part, this would 
contribute equally to the right-hand aides of (1) and (2), and there¬ 
fore would not influence the equation (3) 


S H. 


H 
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distance x and a vertical distance y. To be de^nite, let the 
new position be lower than the former. These distances 
are measured so that x and y are known quantities In 
consequence of this shifting, the body will turn through a 
small angle, although it continues to displace the same 
amount of the liquid. The measure of this angle can be 
found by notmg the shifting of a plumb line (i.e a string 
supporting a heavy object) relative to the floating body 
Let it be 6 ; if la be small compared with the total weight W 
of the body, 6 wdl be small 

Let A and B be the imtial and final positions of the 
weight w, and AZ, AZ' the initial and final directions of 
the plumb line To see the effect 
of the transference of the weight w 
from A to B, let us mtroduce (in 
the final position) two equal and 
opposite forces, each = ic, along AZ'. 
Now the downward force, w, at A 
along with the weight of the remain¬ 
der of the floating body will give the 
total weight W acting through the 
original c g. of the whole body The 
upward force at A together with the weight w at B forms 
a couple whose moment is easily seen to be 

w (x cos 0 - y sin 0) or w{x-yO) 

Thus the shiftmg of the weight w is equivalent to the 
introduction of the couple w{x-yd), acting on the whole 
body This will tend to displace the body from the first 
position of equilibrium , and in the new position of 
equilibrium it will be balanced by the restoring couple, 
W.GM .e (Art. 64). 

W OM B = w{x~yd), 
whence OM can be calculated. 
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70. Applications. Ex. 1. A solid cone, of semi-vertical 
angle a, height h and sp.gr cr, floats in equilibrium in a 
liquid of sp gr p with its axis verti¬ 
cal Determine whether the equi- B 

hbrium is stable or unstable 

Let h' = GK be the length of the 
axis immersed. For equdibnum, 
the weight of the vol CDE of 
liquid = the weight of the cone ; or 
\7ih'^Q tan^a = J7r7t'fr tan^a, 

or h'^Q=h^a .(i) 

Here the plane of floatation is a 
circle whose c g is the centre The 
displacement can, therefore, be given about any diameter 
.•. moment of mertia of this circular area about the 
diameter 

tan y _ 
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AlA 

HM= y =lh'im?a 

Obviously, HG = \h - Ih’. 

the equilibrium will be stable, neutral or unstable 
according as 

HM>, =, or <HG, 
or as A'tan^a>, =,OT<h-h', 

or as h' scc^a>, =, or <h, 

or as A'® >, =, or < A® cos®a. 


or as 


c 

e 


>, =, or < cos®a 


Ex 2 An uniformly thin isosceles triangular lamina (sp 
gr a) IS floating in water with its plane vertical and vertex 
immersed, the base remammg above the surface To con¬ 
sider the stability or otherwise of its equdibrium 
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We have already seen that besides the symmetrical 
position of equihbrium there can be two other (unsym- 
metrical) positions of equilibrium if cr < cos*a, where 2a is 
the vertical angle of the lamma (Ex 3, Art, 53). Let the 
elements of the triangle be the same as in that example (see 
Fig 40) 

(i) Consider at first the unsymmetrical position. Taking 
AC, AB as axes of x, y we get the coordinates of G to be 
(^a, Ja) and those of H, {\AD, \AE). 


HO‘^ = }{a-AD)‘^ + l{a-AEf 

+ ; (a -AD) {a -AE) cos 2a. 

Using the results. AD +AE-2a cos^a and AD . AE = aa^ 
of the example cited, and simplifying we get (cf. Art 66), 

HG = sja sin a (cos^a - a)^ . (i) 

Here the plane of floatation is the line DE , * it is there¬ 
fore to be displaced about its middle point L, which is its 
c g. Moment of inertia of this line about an axis bisecting 
it at right angles 
XT r 2 

= £Z>. -.f 

o 

= (.4F2 +AD^-2AE . ADcos 2a)'^ 

= cos®a (cos^a - a) K 
V = area AED (in this case) = cos a sin a. 


Ak^ 2acos*a, « . 

= -(cos^a-a)^. . .. (a) 

F 3 <T sin a' 


Now HM > HG, if ° (cos®a - cr) > sin a, 
asm a' 

or if cos^a(cos^a - a) > a sin“a, 

or if cos^a > a, 

which IS true. Hence the equilibrium is stable. 

* To be accurate it is a very narrow rectangle whose breadth 
equals the thickness of the lamina On this hypothesis also the 
result will be the same as shown above. 
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(ii) Let us consider the symmetrical position If E^D-^ 
denote the line of floatation in this case' A Ej = ADj and 

\AE^^ ADi sin 2a = la^ sin 2a . a, 
whence A E-^ — a^a. 

HO is clearly equal to (a - AEj) cos a, or to 
(1 - V a) cos a. 

And HM = -fy = ~ . V r— = ^aVa 

V hAEi AD^sm‘2a ’ cos a 

equilibrium is stable, neutral or unstable according as 

•v/(rsin^a>, =, < (1 - Va) cos^a, 


or as 
or as 


Va >, =, < cos^a, 
ff>, <cos^a 


Thus we see that when there are three positions of equi¬ 
librium, t€ when a < cos^a, the symmetrical position is 
unstable When the other positions are not possible, it is 
stable or neutral as the case may be 


EXAMPLES. 9. 

Determine the valtie.s of HM and discuss the stability or 
otherwise of the followiiit; soliils floating m equilibrium 

1. A right circular cylinder (.sp gr cr) floating m a liquid 
(sp gr g) with axis veitical , obtain the condition in terms of 
(T, Q and the lengths of tho axis and the radius of the cylinder 

2 A light ciicular cylinder, floating m water with its axis 
on the surface , con.sidor ihsiilacement about a line perpen¬ 
dicular to the axis 

3. A right cone (sp. gr a) whoso base is an ellipse of semi¬ 
axes a, b and who.se altitude is h, floating in water with its 
axis veitical and vertex downwards, consider displacements 
about (i) the major axis, (ii) tho minor axis, and (in) a diameter 
making angle 6 with the major axis, of the plane of floatation 

4. A right cylinder whose base is an ellipse of semi-axes 
a, b, floating with its axis on the surface of water and the 
minor axis of tho base vertical, consider displacements about 
(i) the axis of the cylinder, and (u) a line perpendicular to this 
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5. A solid sphere of radius a floating in a hquid with its 
centre at a height c ( <a) above the surface 

6. Show that m the case of a right circular cylmder of radius 
^ and height h, floating with its axis vertical in any liquid, the 
equilibrium will be stable whatever be the specific gravities if 
aV2 >h. 

7. A solid paraboloid (sp. gr a) floats in a liquid (sp gr. q) 
with its axis vertical and vertex downwards. Prove that HM 
IS constant, and that the oquihbriuin will be stable if 

where 4o is the latus rectum of the generating paiabola and h 
IB the height of the solid. 

8. Find the metaoentre of a square lamina (sp. gr cr) float¬ 
ing in a vertical plane with (i) one edge, (n) one diagonal 
vertical. Discuss the stability of equilibrium of all possible 
cases 

9. A laden ship displaces W Ions of water and its meta- 
centric height is a Some deck cargo of weight iv tons is 
moved across the deck und the ship tilts thiough a small 
angle 0. This cargo is next removed to a lowei deck, just 
below its second position and at a depth h below it Find 
through what angle the ship now tilts 

10. A thm uniform lamina whoso shape is that of an isosceles 
triangle floats in water with its plane vertical and the base 
horizontal and below the surface Pi eve that the equilibrium 
IS stable if the sp. gr. of the lamma is < 1 -cos^a, wheie 2a 
IS the vertical angle of the triangle. 

11. Show that the case of a tnangulai jinsm floating in a 
liquid with its lateral edges horizontal can he decided (for 
displacements about a line parallel to the lateral edges) from 
that of a triangular lamma floatuig in a veitical plane 

12. A right prism whose base is an equilateral triangle floats 
in water with the lateral edges horizontal and only one of them 
below the surface. Show that the equilibrium is stable for all 
displacements m which the lateral edges remain horizontal if 
it be given that the sp gr of the prism > 

Also prove that the equilibrium will be stable for perpen¬ 
dicular displacements as well if the length of this prism be 
greater than | times the side of the base. 
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13 A right circular cylinder floats in a liquid with its axis 
(of length h) horizontal and at a height c ‘above the surface 
Compare the specitio gravities of the cylinder and the liquid, 
and show that the equilibrium will be stable if > 4(o^ - c“), 
where a is the radius of the base of the cylinder 

14. A frustum of a cone floats, with its axis vertical, m a 
liquid of twice its donsitv. Prove that tho equilibrium will be 
stable if [m, -\)h^< (a - h)^, where 

(a* +b*)l(a^ +b^)K 

h is the height of the frustum and a, b the radii of its ends. 

15. A solid in the shape of two equal cones placed with their 
vertices coincident and .ixes in the same straight line, floats 
m a liquid of double its density, the common axis being 
horizontal Prove that tho equilibrium is stable if the semi- 
vertical angle of oa'di cone is loss than 60° 

16 A solid ill the shape of two equal cones placed with their 
bases coincideiit floats m a lii^uid with the common axis in 
the siiifaee ot the liquid Fiail the limits between which the 
vortical angle of each cone must he so that the equilibrium be 
stable 

17. In Question 32, Eearnphs 7 show that the eqmlibnum 
of the buoy would be stable if 2h< — l)a. 
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GENERAL THEOREMS ON ELUIH PRESSURE. 
ROTATING LIQUIDS 

71. Suppose a mass of fluid, homogeneous or hetero¬ 
geneous, IS at rest under the action of some given forces 
which act throughout the volume of the fluid. We take 
the force on a small particle of mass m of the fluid, to 
be of magmtude mF where E is a function of the position 
of the particle. Thus, if {x, y, z) be the coordinates of the 
particle, F would be a function of x, y, % The components 
of mF parallel to the coordinate axes shall be denoted by 
mX, mY, mZ respectively 

Smce the particle (or the element) of mass m is at rest 
under the influence of the external force mF and the 
resultant fluid thrust of the surrounding fluid on it, it is 
clear that the latter is equal to mF in magnitude and has 
the same line of action (but in opposite direction) as the 
force mF Therefore, the theorems which will be proved in 
the succeeding articles might be interpreted as relating to the 
fluid thrust on the particle instead of the external force acting 
on it 

The fluid thrust of the surrounding fluid on the particle 
18 sometimes spoken of as the resultant fluid thrust at the 
point 

The difference between this fluid thrust at the point and 
the fluid pressure at the same point should carefully be 
noted. Firstly, the former acts on the particle of the fluid 
(at the point) in a definite direction, whereas the latter acts 
normally on any element of plane area taken through the 
point Secondly, the magmtudes of the two are not equal, 

120 
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the formet being small and the latter having some finite 
measure 


72. Let P be the point (x, y, z) referred to a definite 
system of coordinate axes , take a line PQ, of very small 
length dx, parallel to Ox and round PQ as axis, describe a 
cylinder of very small cross-section a Consider, now, the 
element of the fluid enclosed within this cylinder ; let its 
mass be denoted by m The forces acting on it are mX, 
rn F, mZ parallel to the axes 

Let p and q denote the fluid pressure and density at the 
point P , they will vary from point to point, and are 
therefore functions of the coordi¬ 
nates {x, y, z) ot P The pressure 

at Q will he p + -^ dx, up to first 

order of small quantities, because 
in passing from P to Q only x has 
varied and PQ = dx. This can also 
be shown in the following man¬ 
ner Let p =/ (*, y, z), then pressure at ^ or {x + dx, y, z) 
will be/(x +dx, y, z), or 

/(r, y, c) y, 2) or P + dx. 
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up to first order, by Taylor’s theorem. 

Since (X IS small, fluid pressure on ends at P and Q are pa 

and (^p + dx''j a respectively , on the curved surface the 


pressure is everywhere at right angles to PQ Therefore 
the component of the fluid pressures of the surrounding 
fluid on this element, in the direction of Ox, 


=pa- p-t a= - 


Next, the mass of the element, viz. m = Qa dx, since the 
density may be supposed to be the same throughout this 
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element. As the element is in eqmlibnum the component 
of the external force, viz mX, must balance (1). Hence 
we have 

ga 6x. X - 6x =0, 
dp _ 

. 


•( 2 ) 


Note. To be strictly accurate, we should take the pressure 
on the end at P to be (p +B)a and not pa (see Art 4), where 
£ IS a small quantity of first order , the mean pressure on 

the end at Q will therefore be (p +e) + ^^{p +£) dx, and the 

product of this with a will give the pressure on the end 
at Q 

we shall have, instead of (1), the component of the 
fluid pressures 

= -^^{p+e)adx=-^£adx 

up to third order , a, being an element of the area, is taken 

Bs 

to be of second order and » is of first order, and therefore 
de 

a dx 18 of fourth order. 
dx 

Again, the density g is not necessarily uniform through¬ 
out the element Therefore the mean density of the 
element would be g + k where I; is a small quantity of first 
order. mX = (g+k)adx X — gadx.X 

up to third order Equating these values we arrive at the 
result (2). 


73. Similarly we can obtain the following equations : 


= and ll = gZ .(3) 

lx + dz), 

or dp - g(Xdx + Ydy+Zdz) .(4) 
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Let the system of external forces acting on the given 
mass of the fluid be conservative , then, by definition of 
conservative forces, Xdx+Y dy-\-Zdz must be a perfect 
differential, say dV where F is a function of x,y,z. 

dp = QdV .(5) 

74, The equation (2) is of fundamental importance m the 
theory of equilibrium of fluids The direction of Ox bemg 
at our disposal we can state the result as follows 

At any point the rate of change of fluid pressure in any 
direction is equal to the product of the component of the 
external force [on the element) in that direction and the density 
of the fluid at that point 

Smce a force has no component in the direction at right 
angles to it, it follows that in the direction at right angles to 
the force mF (Art 71) there is no change of fluid pressure 

The locus of points within the mass of the fluid under 
consideration, where the fluid pressure has the same value, 
18 called a surface of equal pressure A section of this sur¬ 
face may be called a curve of equal pressure 

Let P, Q be two points sufficiently near each other, on 
such a surface so that the straight line PQ hes on the 
surface Since pressures at P and Q are equal, there is no 
change of fluid pressure in the direction PQ. Therefore, by 
the theorem stated just before, PQ must be at right angles 
to the direction of the resultant force, mF. This important 
deduction can be put m the form 

The external force (or the resultant fluid thrust, see Art. 71) 
at any point of a mass of fluid at rest under the action of given 
forces, is perpendicular to the surface of equal pressure drawn 
through the point. 

Another proof of this theorem is given in the next 
article 

75. Let P be a definite point on a surface AB of equal 
pressure , take an adjoimng point Q on the same surface 
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so that PQ is small. Describe a cylinder of very small 
cross-section about PQ as axis Consider the eq[uihbrmm 
of the element of fluid enclosed with¬ 
in this cylinder. It is clear that for 
equilibrium the component of fluid 
pressures must balance the compon¬ 
ent of the external force, in the 
direction PQ The former is zero 
since the pressures on ends P and Q are equal and opposite, 
and that on the curved surface is normal to PQ , the latter 
component must, therefore, necessarily be zero, which shows 
that the external force acts at right angles to PQ 

Similarly, it can be shown that the external force (or the 
resultant fluid thrust at the point) is perpendicular to any 
other line PQ' on the surface AB Hence it must act 
normally to the surface itself 

76. Two surfaces of equal pressure cannot intersect, since 
otherwise the fluid pressure will have simultaneously two 
difierent values at any point on their intersection, one 
corresponding to the value at each surface 

Let A, B denote two surfaces of equal pressure quite 
close to each other Let the pressures at points on these 
surfaces be p and p + dp respectively, the 
values of pressures obviously differing by 
a small quantity Take a point P on A 
and draw PQ normal to A meeting B in 
Q. Then, by the previous article, the 
resultant force F (per unit mass) acts along PQ Let PQ bo 
denoted by ds From the equation (2), w nting s for j;, we have 

^ = qF, or dp = QFds, 

provided that <5s and Sp are sufficiently small, i e provided 
that the surfaces A and B are sufficiently close to each 
other Hence 
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The distance between two adjoining surfaces of equal 
pressure varies as the difference of pressure directly and as 
the density and the external force {F) inversely 

77. The locus of points at which the density of the fluid 
IS the same is known as a surface of equal density. 

It has been shown in Art. 73 that if the forces acting 
on the fluid mass be conservative dp— gdV. This may be 
written as 

Q 

The right-hand side of this equation is a perfect dif¬ 
ferential , therefore the left-hand side must also be a 
perfect differential This requires that g should be a 
function of p, or p should be a function of g. Therefore, if 
on a surface p has a constant value, g must be constant on 
the same surface and vice versa That is, surfaces of equal 
pressure are also surfaces of equal density and conversely. 

78. As an application of the results of the Articles 72 
and 73, let us consider the case of a mass of homogeneous 
liquid at rest under gravity The force on the element of 
mass m is now mg, so that F =g and is acting in a vertically 
downward direction Taking the 2 -axis vertically down¬ 
wards, we get X =0, Y =0, Z =g. Hence (4) becomes * 

dp =ggdz. 

mtegratmg, p=ggz + C, 

where C is some constant If z be measured from'the free 
surface where pressure =0, then at the free surface 
0=gg O-i-C, or C=0. 

* This could be obtained from (2); we remark that since the 
external force acts wholly parallel to Oz, the variation of p in this 
direction is total. Therefore 

or dp=gpdz. 
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If, however, the pressure at the free surface be H, then 
we shall have n = . 0 + C, or O = H. 

These are in accordance with the results with which we are 
already familiar. 

The case of a fluid, in general, at rest under gravity 
would give dp^gqdz, 

as before , but, as q is not a constant we cannot integrate 
directly. If we are given the law of density, we can thence 
get a differential equation in p and 2 , which we can integrate 
Suppose there are n hquids of densities Pi, pj, ... p„ and of 
depths fej, ... h„ from the top Taking the origin on the 
free surface of the topmost liquid we see that the law of 
density is - p = pi from 2=0 to p = p 2 from z=hj to 
+ h^y etc. 

P = Pvpi dz+^'^’"gQ^dz + ...+C 

Jo jhi 

= gpi fei+gp2 A 2 +... +<7, 

a result which is the same as obtained in Art. 9. 

The case of the atmosphere will be considered in the next 
chapter. 

79. Ex. Assuming that the density p and pressure p in 
a heavy compressible flmd are connected by the equation 

p -pQ = klog where p„ and p, denote the values at the 
9o 

surface, prove that the density at any depth is to the 
density at the surface as k. k—p', where p' is what the 
increment of the pressure would be at this depth if the 
density were constant and equal to that at the surface. 

Since the fluid is heavy, it is implied that it is at rest 
under gravity, 
we have 


dp=gQdz 
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But p-Pii = k\og^, dp= dg 
So Q 

Substituting in the former, = f <^ 2 . 

Q fC 

Q- 

At the surface, where 2=0, Q — Qot 

■ 1 = 1 
"8 80 ^ 

Whence we get g : k-gzg^. 

Now, if the density were constant and equal to Oq 


dp=gQodz , 
p=?eo2+Po'. 


where p^' denotes the pressure in that case at the surface 
gQ()Z=p-Po' of pressure, proving the 
proposition 

EXAMPLES. 10. 


1. If a liquid, at rest under gravity, be heterogeneous, the 
density at depth z bemg kz, show that the pressure at this 
cfJcz^ 

depth IS P + , where P is the atmospheric pressure. 

2 


A 

2. In a fluid at rest under gravity, the pressure varies as 
the nth power of the density at any pomt (n bemg >1), and at 
the free surface the pressure is zero , prove that the pressure 


at depth z vanes as 


3. The particles of a sphere of homogeneous fluid of radius a 
are attracted to the centre with forces mversely proportional 
to the distance from the centre , prove that the pressure at a 
distance x from the surface (measured along the radius) is 

o+Pe(ic+2-+^,+. ), 

where P is a constant, D is the force per unit mass at the 
surface of the sphere and g the constant density of the fluid. 
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4. A straight rod AB, every particle of which attracts with 
a force varying inversely as the square of the distance, is sur¬ 
rounded by a mass of homogeneous mcompressible fluid 
show that the surfaces of equal pressure are ellipsoids of 
revolution [Use the result that the resultant attraction of 
the rod AB at any pomt P bisects the angle APB ] 

5. A mass of homogeneous fluid is subject to a constant 
force (m magnitude and direction) together with an attraction 
towards a fixed point varying as the distance from that 
pomt; prove that the surfaces of equal pressure are spherical 

ROTATING LIQUID 

80. It may seem strange that m a book which expressly 
deals with fluids at rest, the subject of moving liquids is 
brought in We shall not, however, discuss about liquids 
rotating in any manner whatsoever, but only a very special 
case wherein a given mass of liquid is rotating about a vertical 
axis with constant angular velocity without relative motion 
(between its various elements) and is acted on by gravity alone 
The whole mass of the liquid rotates, in this case, as if it 
were a solid mass , there is no change of the relative 
positions of the different elements throughout the motion 
We shall presently show that such a case might be reduced 
to a problem of statics, and thus justify, in a way, the 
inclusion of this problem. 

81. Let Oy (upward vertical) be the axis about which 
the given mass of liquid is rotating with constant angular 
velocity co. An element of the liquid, of mass m at distance 
X from Oy, will describe uniformly the horizontal circle PP' 
whose centre is N. We know, from dynamics, that a 
particle moving uniformly in a circle has an acceleration 
o)* . PN or co^x towards the centre Therefore the forces mg 
(or the weight) and mF (or the resultant fluid thrust) 
which are actually acting on the particle, must together 
give rise to the above acceleration, oj^x, towards N, i e are 
equivalent to a force mco^x along PN Hence the force 
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mco^x acting away from N would balance the forces mg 
and mF. So we have to consider the problem of equili¬ 
brium of the particle under these three forces 



The surfaces of equal pressure will, from symmetry, be 
surfaces of revolution about Oy as axis Let the geneiatmg 
curve of equal pressure through P be AGB as represented 
in Fig 53 Then the force niF is actmg along the normal 
to the curve ACB at P (Art 74) If %/) denotes the inclina¬ 
tion of the tangent to the horizontal, we get, by resolving, 
mg = mF cos ip and mco-x = mF sin ip 
eliminating F, we get 

tanv> = -- . . • (6) 

Let the coordinates of P, regarded as a point of the curve 
ACB, be (a;, y) referred to some suitable origin Then (6) 
gives dy 

dx g 

integrating, 2/= 27 '*'^ ' ‘ . 

This shows that the curve AGB is a parabola of latus 
rectum which is independent of the position of P 


S II 


I 
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Therefore 

The. surfaces of equal pressure are equal paraboloids 
generated by the revolution of parabolas [ of latus rectum equal 
to —^ j about the vertical axis of revolution 

If we take the origin to be on the parabola (at its vertex), 
C would be zero and the equation becomes 


With reference to this origin, the other parabolas will be 
given by (7), the constant C depending on the particular 
curve chosen We shall denote the free surface (on which the 
pressure may be either zero or equal to the atmospheric 
pressure 11 as the case may be) by (8) 


82. Let OP A be the free surface whose equation is given 
by (8), and let the pressure at any point on it be n. To 



I'IS. 64 


find the pressure at any point Q with¬ 
in the liquid we draw the vertical line 
QP meeting the free surface at P, 
and describe a cylinder of small cross- 
section a about PQ Let a' be the 
area of the section of this cylinder 
by the free surface and ip the angle 
between the tangent at P and Ox 
Then a co8y = a, since a is the pro¬ 
jection of a' Let the pressure at Q 
bep. 

Now, this cylinder of the liquid 


moves round Oy, but has no vertical 
motion. Therefore the vertical forces acting on this 
element will be in equihbnum They are (1) the weight, 
gqa. PQ, of the cylinder, (2) pressure pa at the end Q, and 
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(3) the component, lla'cos y> or Ha, of the pressure at the 
end P. 


or 


.. pa — lla+gg PQ a, 
p^n+gg PQ .. . 


.( 9 ) 


But PQ = yr -Pq - y, where x denotes the common 

abscissa of P and Q, and y the ordinate of Q Therefore 


p=n 


.( 10 ) 


Note. The result (9) shows that the pressure at any depth 
below the free surface is given by the same rule as in the 
case of fluids at rest under gravity. The pressure on a 
horizontal element (of area) 

=pa = lla + gQ PQa 

= IIa+weight of the column of the liquid up to the 
free surface 

pressure on a horizontal area (of magnitude A) 

= 11.4 + weight of the column of the liquid above it 

up to the free surface, .(11) 

a result similar to the one established m Art 18 


83. Let the equation of the curve of equal pressure 
through Q be 

with reference to the vertex, O, of the free surface as the 
origin. 

Substituting in (10), we get 

p^ll-ggC, or C = (U-p)lgQ .(12) 

This gives the meaning of the constant C in the equation (7) 

84. We shall next show how the equation (4) of Art. 73 
can give the same results as have been obtained in the 
previous articles. 
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Ab in Art 81, we begin by arguing that if a system of 
forces mco^ PN acting along NP be introduced on the 
respective elements, all these elements, and in consequence 
the whole mass of the hquid, are reduced to lest Thus 
this system of forces together with gravity will give rise to 
the same fluid thrust and the same pressure at every point 
as m the actual case of rotation 

Taking Oy vertically upwards, we see that under these 
conditions Y — - g, X —apx, Z —oPz, the last two being 
components of oP PN 

Substituting these values m (4) of Art 73, we have 
dp = Q {upx dx +oPz dz-g dy) 
integrating, J> = Q + z^) - gy] + C, 

or y . 

2 <7' gq 

a form which can easily be reconciled with the results of 
the preceding articles 

85. Illustrative examples, in solving some examples it 
becomes necessary to determine the volume of a segment 
of a paraboloid bounded by a plane perpendicular to its 
axis It IS therefore helpful to remember that this volume 
= J (area of the base x altitude) 

Ex. 1 An open cylindrical vessel, full of water, is made 
to rotate with uniform angular velocity cu about its axis, 
which is kept vortical Find the amount of water that 
escapes and the pressure on the base 

Let the radius of the base be a and the height be h 
There will be two cases the angular velocity may be such 
that the vertex of the free surface may be (1) above the 
base of the vessel, as m the right-hand figui'e, (2) below the 
base, as in the left-hand figure 

Any point on the rim is on the free surface, because the 
hquid as it escapes from the vessel does so across the rim , 
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therefore there will alwayH be some liquid at the rim, 
although there is no liquid in its plane The rim will, 



therefore be on the common surface of the liquid and the 
air. 

Let AOB be the free surface , its equation is 



referred to 0 as the origin The coordinates of B are (a, ON) 

(x)^ 

OiV= , .(1) 

2 g ’ 

giving the depth of the vertex below the top of the vessel 
In case (1) ON < h, 

oj'^a^ r I /.S”j 

„ </t or <y< \ 2qh. 

2(7 a 

It appears from (i) that ON increases as ei increases 

Therefore when oi is less than ^'\/2qh, 0 is above CD , 

« 

when CO is equal to this value, O is on tlie base so that the 
base becomes just visible Finally when co exceeds this, 
0 IS below CD and a circular part, HF, of the base becomes 
exposed as in the left-hand figure. 
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In case (1), vol. of the liquid that has escaped 

= vol. of the paraboloid AOB (rt -hand fig ) 

In case (2), this volume 

= paraboloid OAR—paraboloid OHF .(ii) 

To evaluate the latter, we see that 

OE = ON and OR EF^. 

2 g 

since F is on the free surface 

(ii) becomes I jra^ EF^ OE. 


'0 V n g /(oW .y 
4a \ 2g ’ 


or 

When the base is just visible, the vol of the liquid that 
escapes = =half the volume of the cylinder 
The pressure on the base, by Note, Art 82, neglecting 
the pressure of the air, 

= wt of the hquid above the base and below the free 
surface 


in case (1), 


nqh^ 

or =“^“ 2 - Sfg, in case (2) 

If the atmospheric pressure be included, we have to add 
n Tzu^ to the above expressions 


Ex 2 A closed cylindrical vessel is just filled with 
water, and the whole is rotated uniformly about the axis 
of the vessel, which is kept vertical Find the pressure on 
the bane. 



THEOREMS ON FLUID PRESSURE 135 


Let ABCD be the closed vessel and co the angular 
velocity , also let OE = h and OA = a. 

When the whole is rotating uni¬ 
formly, the surfaces of equal pres¬ 
sure are paraboloids It can easily 
be seen that, in the same hori¬ 
zontal level, the pressure at the 
point on the axis OE will be the 
least (Art 82) Also, on the axis 
OE, the pressure at a point dimin¬ 
ishes as we go up Therefore the 
pressure at 0, the centre of the 
top, will be less than the pressure 
at any other point within the 
cylinder Since the closed cylinder is just filled there will 
be at least one point where the pressure will be zero, that 
point IS obviously 0, since fluid pressure cannot be negative 
Draw the free surface (of zero jiressure) , it will be through 
0, and 18 represented by KOH in the figure (above the 
cylinder) 

Since pressure at P = wt of column PQ, from (9), Art 82, 
pressure on the base 

= wt of volume KOHCD of water 



= gQ (vol of cyl DGHK -vol. of paraboloid KOH) 


= 9Q 


■- jia^gg 


„ /. oPa^\ TwPa?' 

I 


Since OK , as in Ex 1 

2 ? 


Ex 3 A thin uniform tube bent into the form of a 
circle of radius a contains a liquid which occupies an arc 
subtending an angle 2a at the centre This is rotated with 
uniform angular velocity o) about a diameter which is kept 
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vertical Show that the liquids on the two sides of the 
vertical diameter will not separate if w does not exceed 


sec 




Let OD be the vertical diameter and A, B the two 
extremities of the liquid, so that lOCA= LOCB = a It 
IS clear that the free surface will al¬ 
ways pass through A and B Its 



equation is V ’=2g 


referred to its 


vertex as the origin and the vertical 
line as the //-axis Now the abscissa 
of A =AN =a sin OCA 

its ordinate or the depth of the 
vertex of the free surface below N 


or 


sin^ OCA 


.( 1 ) 


This shows that the vertex descends as to increases Now 
so long as the arc A B of the circle is entirely below the free 
surface the liquid in tins arc remains intact If, however, 
some portion of tins arc be above the free surface (of zero 
pressure), there cannot exist any liquid in that part, for then 
the pressure there would be less than zero or be negative 
It follows, therefore, that so long as the eertex of the free 
surface does not go below 0 the liijuids in the arcs OA, OB 
will not separate Hence for the hiniting case, 0 is the 

vertex of the parabola y 


vr 

9.n 


or 


1/2 siii^ OCA = ON, 
Zg 

uy^a'‘‘ sin*a = 2g'«(l - cos a). 


co2=^scc2 


2 ’ 


or 

whence the result 
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Note. Wlien the parts separate, the free surface will cut 
the circle in two more points A' and B' (say) besides A and 
B , the lACA' = L BOB' = am that case The angle OCA 
will obviously he greater than a But (i) would still hold 

Ex 4. A straight tube AB oi thin uniform bore is closed 
at the lower end A and filled with water The length of 
tlic tube IS I and it rotates with constant angular velocity to 
about a vertical line through A, to which the tube is in¬ 
clined at a constant angle a Find whether the hquid 
escapes or not, m the former case find how much of the 
liquid escapes Also determine the value of co so that 
(i) no liquid may escape, (ii) all liquid may escape Atmos¬ 
pheric pressure is to be neglected 

Let AB denote the tube and AN the line about which it 
rotates The water that eseapes does so across the open 
end , therefore there must always 

be a tiny drop of water at the B 

point B of the open end of the tube 
farthest removed from the vertical 
axis We express this fact by say¬ 
ing that B IS on the free surface of 
the water in the tube Let this 
.surface be given by 

...( 1 ) 



2 /- 2 /’ 

referred to its vertex as the ongin 
and AN as the y-axis 

There will be two cases according as the free surface 
(1) does not cut the tube again below B or (2) cuts AB again 
at C 

As the free surface is one of zero pressure no hquid can 
remain above this surface Therefore in the first case no 
liquid escapes, whilst m the second the length CB of the 
tube IS emptied 
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Case 1. Let O^B denote the free surface ; then 

. 

2 gf 2g 


..(11) 


from (i) as BN ^AB sin a 

(ii) shows that O^N increases with co Let the value of 
(O (=cOj, say) be such that the parabola touches AB at B, 
and let O be its vertex m that case No water escapes 
from the tube since the whole of it still lies below the 
parabola AN is now the subtangent, therefore 0 must 
be the middle point of AN From (i) we have, in this 
case, 2 

ON = ^AN = cos a = P sm^a. 


.'. ft)i 


2 _ 3 cos a 
~l sin^a 


... (ill) 


If the angular velocity exceeds co,, the vertex of the 
parabola, viz Cj, will be lower than 0, and so this curve 
will cut AB again at C Hence if oi < coi, no liquid escapes, 
if a)> oil a length BC of the liquid escapes 
Case 2 hot AC = 2 , then 


Cilf=zsma, Ailf=scosa 
Since B and C are both on the free surface given by (i), 

^ 2 -^ = ^ sin“a and O^M =^- sin^a 

rt>8 

■. = {P-z^)sm^a 

zq 

But MN =AN - AM = {l-z) cos a Therefore equatmg 
both values and removing the common factor I - z, we get 
co‘^ 

^(1 + 2 ) sm^a=cos a 


.-. 67i = ?-2 = 2Z-??^-®“ = 


“ = 2lfl 

a \ 


co^ sin'll 

givmg the length of the liquid that escapes 


.. ..(IV) 
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Lastly, if the vertex of the parabola comes down 
to A for a value coj of the angular ‘velocity, the whole 
of A B lies above it and so all the hquid escapes In this 
case, 

2 

AN or lcosa = -„^ sin^a, 

2 ? 


or 


,, cos a 

COo j ,, 

i sm-'a 


= 20)12 . 


. -(v) 


Ex 5 If the pressure on the free surface be taken as IT, 
find the greatest angular velocity with which the tube (m 
the last example) can be rotated so that no water can 
escape , the density of water is p 

We shall, for the sake of simplicity, assume the tube to 
be sufficiently long so that the free surface (m the required 
case) cuts AB at an intermediate point 0 as m Fig 58. 
The same argument would apply if this does not happen 
and the point C lies on BA produced , the results would 
be the same in each case It would be a good exercise for 
the student to draw the figure in the latter case and i enfy 
the successive steps It may be noted that the middle point 
of the chord CB of the parabola always lies between A 
and B 

Let BCO 2 (Fig 58) be the free surface when the angular 
velocity IS co The pressure at a point Q (lying between B 
and C) will be H -pp PQ, from (9) of Art 82, since Q is 
above F Therefore the pressure wiU be the least at the 
middle point of BC because for this point PQ is maxi¬ 
mum Thus we see that BU will be full of w'ater so 
long as the pressure at its middle point is not less than 
zero (i e negative) The maximum angular velocity 
will therefore be when the pressure at this point, Q, is 


zero 


PQ must be = — 
9Q 


■ -(vi) 
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Taking O 2 as ongin, the parabola CPB is given by 
y x^, where to represents the maximum angular velocity 


required. 


y,=i {y» + Vc) + 2““) sin%. 


The abscissa of P 

= the abscissa of 0 = J {BN + Cill ) = |(i! + s) sin a 

yr=^(^ + ~)^sin^«- 

(Ip 

PQ=yn - y,. = Q- (1 - 2 :)* sm^a, on simplification, 


01“= 
= 0 

^9 


'■a 


j gt cos a 
(ip sm^a 


from (iv) of last example 

equating this expression with (vi) and simplifying, 


l- 


g cos 
op sin' 


3osa_ 1 /: 

nn*a~ to sin a > 


211 


(vn) 


(vii) gives to if I is given , conversely, it would give I if 
to were given, i e it would give the length of the longest tube 
which can rotate with angular velocity to without any 
liquid escaping. 


Ex 6 A solid in the form of a right cucular cylinder 
floats in water contained in a cylindrical vessel, with its 
axis vertical and coincident with that of the vessel The 
whole IS then made to rotate without relative motion 
about the common axis with umforra angular velocity (o 
Show that the solid sinks (in space) through a distance 

^ and a denoting the radii of the bases of the 

vessel and the sohd respectively 

The right-hand figure shows the position of the solid 
when the whole system is at rest, and the left-hand figure 
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gives its position during rotation D'C' is the free surface 
in the former and DOC in the latter 



Since the sohd has no vertical motion (even m the state 
of rotation), it follows that its weight balances the fluid 
thrust on it ( = the weight of the liquid displaced). In 
the second case the free surface (a paraboloid) intersects 
the solid along a circle which is denoted by LM. 

.. the vol of the liqmd displaced = cyl FLM - para¬ 
boloid LOM, m the second case; also = cyl. F'L'M 'm the 
first As the weights of the hquid displaced must be equal, 

•. cyl F'L'M' =(iy\ FLMLOM .(i) 

Also the volume of water in the vessel remains the same, 
cyl A'B'C'D-Qy\. F'L'M' 

= cyl ARC'D-par. DOC - (cyl FLM - LOM) 
Adding (i) we get 

cyl A'R'C"D'=cyl ABCD-Tpa,T. DOC .(ii) 

Let A'D' =h', P'F' =1', AD=h, PF = l The free surface 
m the left-hand figure has for its equation 
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as PM = a and QC = b. Therefore (i) and (ii) become 



naH' — TtaH — \7uP 

~2g 

and 

nb^h' = 7tb% — \7ib^ 

(XiW 

2g ' 

Or 


and 

4? 



Now, NF^h-l~PQ=h-l-iPQ-OP) 


.(IV) 
... (V) 


== A - ^ - 2 ^ (6^ - a^), from (iii). 

And N'F' --=h' -r =h - I --a^), from (iv) and (v), 


= NF + ~(b’‘-a^). 

4gr' 


This shows that the base of the floating solid was farther 
from the base of the vessel when at rest than when in 
rotation , whence the result 


EXAMPLES. 11. 

1. A cylindrical ve.ssel is half-filled with liquid. It is then 
rotated uniformly about the (vertical) axis of the vessel so 
that the liquid just reaches tho rim Neglecting the atmos¬ 
pheric pressure, prove that the pressure at the centre of tho 
base IS zero, and that the pressure at any other point of 
the base is proportional to tho square of its distance fiom the 
centre. Hence determine the resultant fluid pressure on the 
base 

2. A closed cylindrical vessel is just filled with water and 
IS made to rotate about its axis (which is vertical) with uniform 
angulai velocity ; find its value so that the pressure on the 
base may be equal to twice the weight of the liquid contained 
m the vessel. 

3. A closed conical vessel, of height h and .semi-vertical 
angle a, is just filled with liquid and placed with its axis 
vertical and base downwards. The whole is then rotated 
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about the axis with uniform angular velocity to Compare the 
pressure on the base with the weight of the contained liquid 

4. A cylindrical vessel, open at the top and originally full 
of water, rotates uniformly about its axis With what angular 
velocity should the whole revolve so that only one-fourth of 
the original quantity of water remains in the vessel ? 

5. A closed vessel in the shape of a right circular cone is 
full of water and placed with its axis vertical and vertex 
downwards It is then made to rotate with uniform angular 
velocity CD ; show that the pressure at a point of its plane face 
at a distance x from the axis is JgcoV and at a pomt on the 
curved surface at the same distance from the axis is 

+gQ(a -x) cot a, 

where a is the radius of the base and 2a the vertical angle of 
the cone 

6 When a cylinder, open at the top and half-full of liquid, 
revolves with angulai velocity lo about its axis (which is 
vertical), the liquid just reaches the upper iim Show that 

the angular velocity in order that -th of the liquid may re¬ 
main in the vessel is ai Vn 

7. A light circular cyhndei of radius o is floating freely m a 
liquid at rest with its axis vertical , then the whole is made to 
rotate without relative motion about the axis of the cylinder 
with constant angular velocity cu Show that an extra amount 
of the surface of the cylinder is now wetted, and find its 
magnitude. 

8. A liqmd occupies a portion of a thin circular tube of 
uniform bore, which subtends an angle 210° at the centre 
The tube rotates about a tangent (which is kept vortical) wuth 
angular velocity ci, find its value so that the liquid may just 
reach the highest point of the tube The radius of the circle 
IS a. 

9. A circular tube of fine bore, in the form of a quadrant of 
a circle, is closed at the lower end , one-third of its length is 
filled with a liquid When it is rotating uniformly about the 
radius through the closed end, which is kept vortical, the liquid 
just rises to the top of the tube Prove that the vertex of the 
free surface is at a depth 2a below the centre of the circle, 
where a is its radius 

10. A conical vessel of height h and vertical angle 60°, has 
its axis vertical and is half-filled with water. Pmd the greatest 
angular velocity with which the whole can rotate about the 
vertical axis without any w'ater overfiowmg. 
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11. A vessel in the shape of a paraboloid of revolution is 
placed with its axis vertical and the plane of its iim horizontal. 
Some liquid is poured into it and the whole revolves uniformly 
about the vertical axis. Show that no liquid can remain in the 
vessel if the angular velocity exceeds a certain value 

12. If, in the last example, a hole be made at the vertex of 
the vessel, show that no angular velocity can prevent the whole 
liquid from escaping 

13. A thin circular tube of radius a contains a filament of 
liquid subtending an angle 2a at the centre, and rotates 
uniformly with angular velocity to about the vertical diameter 
so that the filament divides mto two equal parts Prove that 
the middle pomts of these halves subtend an angle 

2 cos~* sec ^y^ato® J 

at the centre. 

14. A tube of uniform small section is in the form of three 
sides of a square of which the middle side is horizontal, the 
other two being vertical , it is open at both ends The tube 
IS full of water and revolves about a vertical axis bisecting 
the horizontal side. Prove that no liquid escapes unless the 
angular velocity, ai, is greater than V" Bqja, in which case the 

amount of liquid that escapes would fill a length a \J I - 
of the tube, a being the length of a side 

15. A tube ABC of fine imiform boro and length a + b m in 
the shape of a right angle, the arm BC bemg vertical and of 
length 6. The end A (which is lower) is closed and the tube is 
filled with liquid. It is then rotated with uniform angular 
velocity o) about the vertical through A so that .some liquid 
escapes through the open end C. Fmd how much liquid 
remains in the tube and its position. 

16. If the atmospheric pressure P be taken mto considera¬ 
tion, show that no liquid will escape from the tube of the last 

2P 

example, if a^oi* does not exceed 2bg + —, q denoting the 
density of the liquid. S 


17 A circular tube of thm uniform bore and radius a is 
filled with liquid and is made to rotate about its vertical 
diameter with angular velocity <a Fmd the pressure at any 
point of the tube, and show that it is maximum at a depth 
gjoA below the centre if lo > Vgja, otherwise it is greatest at 
the lowest point of the tube 
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18. In the previous example, where should a hole be made 
60 that all the liquid m the tube may escape ’ 

19. A spherical vessel, of radius a, contains a quantity of 
water whose volume is to the capacity of the vessel as 1. 
Prove that no water can e.scape through a .small hole made at 
the lowest point if the whole revolves about the vertical 
diamej^r with an angular velocity which is not less than 

jj 3 J 

Va(l -n) 


20. A hemispherical bowl, of radius 2a, containing water 

rotates uniformly with an angular velocity about Its 

axis which is vertical A sphere of radius a is floating m the 
water and rotating with it; the axis of the vessel is coincident 
with the vertical diameter of the sphere, and the sphere 
remains with its lowest point m contact with the vessel with¬ 
out exerting any pressure on it If the free surface, at this 
instant, passes through tlie nm of the bowl, show that the 
sp. gr of the sphere is 


21. A cylinder, of radius r and height h, floats with its axis 
vertical in a given mass of a liquid wliose density is m times 
that of the cylinder The whole revolves witliout relative 
motion about the axis of the cylinder so that its run is just 
immersed Prove that the angular velocity co is given by 

=:4gA(m - 1) 


22. A solid, in the form of a right circular cone of semi- 
vertical angle a, floats with vertex downwards and axis 
vertical in water contained m a cylindrical vessel whose axis 
coincides with that of the cone Tlie surface of the w ator meets 
the cone in a circle of diameter a If the wdiolo is now made to 
revolve about the common axis so that the water meets the 
cone m a circle of radius a, find the value of the angular 
velocity 

23. A vessel consists of a hemispherical base surmounted 
by a cylinder Liquid is pouied into this vessel and is rotated 
with uniform angular velocity to about tho axis which is 
vertical. Prove that, on the surface of the hemisphere, the 
pressure would be maximum at a point distant gjio^ from the 
plane base of the hemisphere provided that to V > g. The atmos¬ 
pheric pressure is neglected and the radius of the hemispliere 
IS r 


s H 


K 
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24. Liquid is rotating m a cylinder of radius a, wliose 
bottom is closed by a conical surface of vertical angle 90 , the 
vertex of the cone being downwards Find the position of the 
point or the surface of the cone where the pressure is minimum 
if the angular velocity > V gla 

25. An elliptic tube, half-full of liquid, revolves about a 
tangent which is kept vertical with uniform angular velocity 
m. Prove that the diameter joining the free surfaces of the 

liquid makes with the horizontal an angle cot“i^-^, where p 

is the length of the perpendicular from the centre of the ellipse 
on the tangent How is the result modified if the ellipse 
revolves about a vertical Ime m its plane, which does not 
intersect the tube ? 


26. An open cylinder containing liquid is revolving about a 

vertical axis with angular velocily wliore n > 1 and a is 

the radius of the base. A sphere of radius o is immersed 
so as to be just supported by the liquid alone, and it rests 
with Its lowest point at the vertex of the free surface (where 
the pressure is to be taken to be zero). If the density of the 
liquid is m times that of the sphere, prove that 

+ n~* = 1 


27. A heavy homogeneous liquid is revolving without 
relative motion about a vertical axis with uniform angular 

velocity Show that the centre of pressure of a vertical 

rectangle of sides 2a, 26 (taken so that the upper horizontal 
side of length 26, is bisected at the free surface), and revolving 
with the liquid, is at a depth 

^n.6-^8a 
mb -f 6a ■ ° 


86. There are a few problems which can be treated in a 
manner similar to that employed in rotating liquids 

For example, suppose a vessel containing some liquid be 
moving on a horizontal plane with uniform acceleration /, 
and let the liquid be moving without relative motion along 
with the vessel. To find the free surface of the liquid. 
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Let the whole be moving in the- direction from left to 
right as indicated by the arrow with constant acceleration 
/ The forces acting on a particle 
of liquid of mass m are (1) its 
weight mg and (2) the resultant 
fluid thrust mF, whose direction 
IS at present unknown These give 
to the particle the acceleration /, 
therefore they would be balanced 
by a force mf acting from right to 
left. Considering the equihbrium 
of these three forces, we get 

mg = mF cos 6 and m/ = mF sin 0, 
where d is the angle the direction of the force mF makes 
with the vertical 

f 

tan 6 = '’- = constant 
9 



.(14) 


Thus mF IS in a definite direction , since it is always at 
right angles to the surfaces of equal pressure, it follows that 
the latter must bo planes inclined at angle 0 to the hori¬ 
zontal (Art 74) Therefore the free surface, EP, would be 

f 

a plane inclined at tan"* - to the horizontal, so that the 

9 


volume EBCP would be equal to the given volume of the 
liquid 

In a similar manner we can solve the problem of the 
vessel, contaimng some liquid, which moves along an 
inchned plane with acceleration / It is mterestmg to note 
that if the vessel moves down the plane freely under 
gravity (without friction) the free surface is parallel to the 
inchned plane 



CHAPTER IX 

GASES PRESSURE OE ATMOSPHERE 

87. Gas IS one of the three forms m which substances 
present themselves to us We have defined it, in the first 
chapter, as a substance which has no definite size or shape 
of its own, and also as an elastic or compressible fluid We 
have often been speaking of the density of atmosphere and 
the pressure exerted by it in the previous chapters We 
shall now put these notions on experimental basis 
When we speak of a thing as a substance or we speak of 
its density we imply that the thing has mass (and, con¬ 
sequently, weight) For solids and liquids there is never 
any doubt as to their possessing weight That the gases 
also have weight can be seen from the following experi¬ 
ment. Take a flask full of air (or any other gas) and weigh 
it. Next remove the air from inside by means of an exhaust 
pump, close the flask tightly and weigh it again If weigh¬ 
ings are made very carefully it will be found that the 
weight m the second case is less than that in the first. this 
demonstrates that a given volume of a gas has some i^eight 
(or mass), although it is so small that we are prone to over¬ 
look this fact But it should be noted that the density of a 
given quantity of gas does not remain constant , it changes 
with the change of temperature and pressure. In the case 
of solids and liquids, temperature has some shght effect on 
their densities, but in gases the effect is much more marked. 
The following table giving the sp gr of a few gases shows 

148 
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how small is the sp gr of a gas m ordinary circumstances 
Water is taken as the standard substance 

Hydrogen - - -000089. Air - - -001293. 

Nitrogen - - 001256 Oxygon - -001430 

Carbon dioxide - -001977 Steam - 000802 

Hydrogen is the lightest gas known , for this reason it is 
chosen as the standard substance for measuring the sp gr 
of gases. Thus the values of the sp gr of the above gases 
w^ill be 1, 14, 22, 14 5, 16, 9 respectively 

Air at 0° C and 76 cm pressure is sometimes taken as 
the standard for comparison of the densities of gases 

88. That gases exert pressure can be shown by a large 
number of simple experiments, a few of which are given 
below. 

If a toy balloon, generally made of rubber, be filled with 
a gas, the envelope (^xpands owing to the pressure exerted 
by tlie gas (within it) on its surface 

If the air witliin a tube be sucked out at one end whilst 
the other end is closed by a flat piece of paper pressing 
against it, it will be noticed that the paper remains of itself 
against the end without any apparent force being applied 
to keep it in position The pressure exerted by the external 
air keeps the paper pressed against the tube 

Magdeburg’s experiment Two hollow hemispheres made 
of metal fit tightly together so as to form an air-tight hollow 
sphere The air within the sphere is then removed by a 
suction pump It is found that very great force is now- 
necessary to separate the two hemispheres, the reason 
being that the pressure of the e.vternal air (which was 
compensated by the pressure of the air within the sphere 
before exhaustion) adds considerably to the resistance 
against the separation of the parts 

If a glass beaker is held mouth downwards on the surface 
of water and then pressed doivn, the air in the beaker will 
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be seen to have forced down the level of water within the 
glass 

89. We have seen that gas has weight, so a given mass 
of gas at rest under gravity will necessarily exert pressure 
the magnitude of which (over any small area) will be equal 
to the weight of the column of the gas above it (cf Art 9) 
The atmospheric pressure is an instance of this type , but 
we do not feel the pressure on our bodies since we are 
accustomed to it If we happen to be at a place where the 
pressure is either appreciably less or appreciably more, we 
would feel some inconvenience which is entirely due to the 
change in pressure At great heights above the surfaee of 
the earth we always experience difficulty with breathing and 
other attendant discomforts this is mainly because the 
pressure of the air there is considerably less than that at 
the surface of the earth 

Since the weight of air (or a gas) per unit volume is very 
small, the pressure of the air remains jiractically constant 
within a vertical distance of a few feet For this reason we 
generally consider the pressure of a finite enclosed volume 
of a gas to be the same at every point within its volume , 
we speak of this constant pressure as the pressure of the 
given volume of the gas 

Again, a gas, like other fluids, exerts pressure normally 
to the portion of the surface with which it is in contact If 
a solid be surrounded by a gas, the resultant fluid thrust 
exerted by the gas on the sohd is upwards and equal to 
the weight of an equal volume of the gas (Art 40) But 
on a liquid the effect is different, since the liquid presents 
its upper surface only to gaseous pressure, the latter tends 
to press the hquid down This fact is taken advantage of 
in measurmg the atmospheric pressure Mercury is gener¬ 
ally chosen as the liquid employed for this purpose, because 
(1) its sp. gr IS large, viz 13 596, (2) it can be obtained 
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pure, (3) it does not easily evaporate at ordinary tempera¬ 
tures 

The instrument by means of which the atmospheric 
pressure is measured is called a barometer 


90. A mercury barometer in the simplest case consists of 
a long tube CE of uniform bore (not very small) and of 
length 36 inches nearly , one end E of this ^ 

tube IS closed It is filled with mercury , 
with the open end closed by the thumb (or 
by any other means) it is inverted and put, 
with this end below the level of mercury 
contained m a cylindrical cistern AFB, in a 
vertical position The thumb is then re¬ 
moved and the end left free Some mercury 
will descend from the vertical tube into the 
cistern, but a length VH remains in the 
tube 

The space above the mercury level, H, in 
the tube does not practically contain any¬ 
thing, % e it is in vacuo , this space is known 
as the Torricelli's vacuum So the pressure 
at the level H is zero and that at the level 
ADR IS equal to the weight of the column DH of mercury 
This column is sustained m this position by the atmos¬ 
pheric pressure acting on the surface AR of the mercury 
111 the cistern Therefore the atmospheric pressure 


F 

I'la 61 


= the pressure at the level ADR 
= weight of the column DH of mercury 
= gQh, .(1) 


where h = DH, g = density of mercury and g the acceleration 
due to gravity The height h of the mercury-level m the 
vertical tube above that in the cistern is called the height 
of the barometer 
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91. The barometer just described is sometimes spoken of 
as the cistern barometer. As the atmospheric pressure 
increases or decreases, the height DH will also increase or 
decrease, i e the quantity of the mercury in the tube and 
consequently the quantity in the cistern changes This 
means that the level, A DB, of the mercury in the cistern 
moves up or down Since the barometric height is always 
measured above the mercury-level in the cistern, to avoid 
the necessity of measuring from different levels means are 
devised by which the mercury-level in the cistern can be 
brought to a definite position , such as a flexible bottom to 
the cistern, whose capacity can be increased or decreased by 
turning a screw attached to its base The height can then 
be measured by a scale (fixed m position) above the definite 
level mentioned before Fortin’s barometer is one of such 
type 

There is another kind of mercury baro¬ 
meter known as the siphon barometer , it 
consists of a U-tube, one arm of which is long 
and narrow and the other arm short and 
wide (Fig 02) The length of the longer arm, 
CE, IS a little more than 36 inches and is 
uniform in cross-section. This arm is held 
in a slanting position and filled with mercury , 
it IS then brought to the vertical position, 
when some meicury descends and the mercury- 
levels in the two arms stand at H and AB 
The height of the level H above AB or D gives 
the pressure of the atmosphere ; the portion 
HE IS vacuum as in the cistern barometer 

Note. Water may also be used in the con¬ 
struction of a barometer mstead of mercury, or m fact any 
other hqiud , but then the tube CE should be much longer, 
the length in the case of water being about 35 feet There 
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18 another disadvantage, viz the space HE would not be 
so perfect a vacuum as m the case of mercury, because 
some water evaporates from the level H , the water-vapour 
formed occupies this space and exerts a downward pressure 
on the level H of water The level H is therefore depressed, 
and thus the height DH would not give the true barometric 
height 


92. To measure h [formula (1)], we want a scale either 
fixed to the tube or etched on its surface In Fortm’s 
barometer the scale is in inches or centimetres with 
convenient subdivisions, the zero of the scale bemg at 
the definite level of the cistern But in other barometers 
allowances must be made for the capacity of the cistern (or 
the wider arm of the siphon barometer) That is to say, 
the graduations of the scale should not be made at distances 
of one inch (or centimetre),but at some other equal intervals, 
so that when the level rises or falls through m divisions we 
shall be able to say at once that the barometric height has 
risen or fallen through m inches (or centimetres) To find 
the value of this unit in terms of an inch (or centimetre) we 
proceed as follows 

Let a and A denote the cross-sections of the tube and 
the cistern When mercury in the tube falls through one 
division {—X inches, say), the volume of mercury leaving 
the tube and entering the cistern = ax The level m the 

ttX 

cistern will therefore be raised by -, smee the area of 

/I — d 

the surface of mercury in it is A- a Hence the original 
difierence between the levels is dimmished by 




ax 


or by 


A^ 
A -a 


X 


But this has been assumed to be 1 


A -a , 
A 


a 

A 


•(2) 
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In siphon barometer, if A denote the cross-section of the 
wider arm, supposed uniform near the level AB, the fall of 
mercury in the tube CB through one division (or x inches) 
lb accompanied by a rise in the level m the other by 

** Therefore the diminution of the barometric height is 


A' 

ax A + a 


X Hence 


A +a 


.( 3 ) 


If, however, the barometer be not graduated according 
to the new units given by (2) or (3), but in actual inches (or 
centimetres), then a rise or fall as given by the scale must be 


multiplied by 


A -a 


or 


by — Ihe case of siphon baro¬ 


meter j to obtain the true rise or fall in the barometric height. 

This correction is knotni as that due to the capacity of the 
cistern .(4) 


93. The scale which is attached to the barometer tube 
(or etched on it) does not give true readings at all tempera¬ 
tures, since the material of the scale expands or contracts 
as the temperature rises or falls This necessitates another 
correction to be made to the reading as given by the scale 
Let the coefficient of linear expansion of the material of 
the scale (metal or glass) be a, and suppose that the scale 
gives true reading at 0° C , ^ e the distance between two 
divisions on the scale is exactly what it is marked to be 
when the scale is at 0° C At t° C the distance between the 
two divisions will be (l-t-ai) times the distance at 0° C 
Therefore the value h' as given by the., scale must be multiplied 
by (1 -f- at) in order to obtain its true value, h Or 

h=h'{\-\-al) . (5) 

Again, the density of mercury (used in the barometer) 
diminishes with the rise of temperature If y be the 
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coefficient of cubical expansion of mercury, its density 
at 0° C and q the density at C , 


Q = 


l+yf’ 


.( 6 ) 


since the volume at C =(1 +yf) times the volume of the 
mass at 0° C 

Substituting in (1) we get 

gQh=ge^' 

=-gQoh' (l+yt)-^ (l+a«) 

=iieo^'[i-(y-«)<]. .(7) 

neglecting terms of second and higher degrees in a, y since 
they are small 

The correction indicated m (7) is known as that due to 
change of temperature 


94. In the formula (1) occurs g, or the value of the 
acceleration duo to gravity This has different values for 
different latitudes, as also at different heights above the 
earth's surface There will, therefore, be some correction 
on this account It will be out of place here to go into the 
discussion regarding the cause and the amount of the change 
in the value of g The formula on the earth’s surface at 
latitude (p IS 


go =32-17 (1 - -002644 cos 2(p 

-f 000007 cos22(p) ft /sec ^ . (8) 

And that at a height z above the surface of the earth is 

. 

where a denotes the radius of the earth and g„ the value of 
gravity at the earth’s surface 

Thus we see that all the three factors of the formula (1) 
require corrections . (2) or (3) and (5) refer to h, (6) to p 
and (8), (9) refer to g 
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95. There are two other corrections, one due to capillarity 
and the other due to the presence of some vapour m the 
space above mercury. These are generally very small for a 
mercury barometer The first correction is a constant 
quantity for each barometer, and can be determined either 
experimentally or by calculation with the help of the 
theory of capillary action 

96. There is another kind of barometer, viz the aneroid 
barometer, m which no liqmd is employed. The prmciple 
of this instrument lies in the action of a thin metallic 
membrane, the pressures on two sides of which are dif¬ 
ferent This action is magnified by mechanical con¬ 
trivances, thus affording means of recording the excess of 
pressure on one side of the membrane over the other. The 

membrane covers a given enclosed quantity 
of air at some constant pressure, the other 
side being exposed to the atmospheric 
air This barometer, however, is not so 
F accurate as the liquid barometers described 
before 

97. Manometer is sometimes used to de¬ 
termine the pressure of some enclosed 
volume of a gas It consists of^ a tube 
bent into the form of the adjoining dihgram 
The lower part EOF is filled witlt mercury 
(or any other suitable liqmd) , the hori¬ 
zontal arm BA is connected with the vessel 
containing the gas, and the end D is open 
The difference of mercury levels in the two 
arms is then measured , let it be d Then the pressure 
of the gas 

= the pressure at the level E 

= the pressure at the level F t weight of column, d, of 
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the liquid according as E is below or above F ; the pressure 
at F IS that due to atmosphere, whose value can be found 
by means of a barometer 

98. Boyle’s law. The product of the pressure and the 
volume of a given mass of a gas is constant provided that the 
temperature is unchanged. 

This important law, also known as Mariotte’s law, is 
based on experimental facts That the volume of a given 
quantity of gas depends on its pressure (Art. 89) can be 
seen from the last experiment described in Art 88. In the 
beginning the whole of the beaker was occupied by air at 
atmospheric pressure Afterwards the j)ressure of the 
enclosed air became equal to the value of the pressure at 
the water-level inside the beaker, which was greater than 
the atmospheric pressure , and the volume of the enclosed 
air was less than before 

The apparatus by which Boyle’s law can 
be verified is shown in the figure It con- P 

sists of a glass tube AB oi uniform cross- 
section closed at the upper end and fixed p. 

to a vertical stand, this tube contams 
some air near its upper end It is connected 
by means of the rubber tubing C to another 
tube DE (open at the top), which can move 
up and down a vertical rod R fixed to the 
stand, and which can be fixed in any position 
by means of the clamp F The tube G as 
well as the lower parts of the tubes AB and 
DE contain mercury. 

Atmospheric pressure is first noted with 
a mercury barometer , let the barometric j,.jg 
height be h. The movable tube is fixed in 
some position, and the height of the mercury level in it 
above that in the tube A 5 is measured by means of the 



i'la 64. 
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scale 8 fixed to the stand. Let this be and the length 
A R of air be % The tube DE is then moved to some 
other position and the readings taken again; let denote 
the new length of air in the fixed tube and the 
difference of the mercury levels 

Pressure of the air in AR in the first position =gQ{h + hj), 
and volume of the air in AB in the first position = a^a, 
where q is the density of mercury and a the cross-section 
of the tube AB 

Similarly, the pressure of the air m AB and its volume 
in the second position are gglh+h^) and a^a respectively. 
If Boyle’s law is true, we must have 

gglji +h^)aia^gQ{h + h^) a^a, 

or {h+hi)a^ = (h + h^a^ . (10) 

This is actually verified by experimental observations 

99. A gas which obeys Boyle’s law is called a perfect gas. 

If the experiment described above be carried out very 
carefully it will be found that the equation (10) is not 
accurately satisfied The defection from this law for air, 
oxygen, nitrogen, hydrogen and some other gases is, how¬ 
ever, very small , they may therefore be taken as perfect 
gases under ordinary conditions On the other hand, gases 
like carbon dioxide, water-vapour, etc , do not behave 
quite in accordance with this law It has been found that 
any gas could be liquefied by subjecting it to suitably high 
pressure provided that its temperature is below a definite 
value which is called the ciitical temperature for that par¬ 
ticular gas When the gas is at a temperature near its 
critical value or below it, the gas is found not to obey 
Boyle’s law at all At temperatures considerably higher 
than the critical the gas behaves almost hke a perfect gas, 
and the higher the temperature the more perfect the 
agreement In the case of air, etc . the ordinary tempera¬ 
tures are far removed from their critical temperatures. 
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Unless otherwise stated the gas under discussion will be 
assumed to be a perfect gas. 

100. Let m denote the given mass of a gas, andp, v and g 
denote its pressure, volume and density , let p', v', g 
denote the corresponding quantities when the pressure 
changes to p', the temperature being the same in the two 
cases Boyle’s law then gives 

pv^p'v'= Ici(&&y), .(11) 


where is some constant 


But Q — 


m 

V 


and g' = 


m 

v' 


p 


ni , ni p 

— =?> —/ . or 
Q g g 


2 ' 

q' 


It shows that the pressure of a gas ts proportional to its 
density provided its temperature is unaltered That is 


P^^Iq, .... ( 12 ) 


where k is another constant 

The equation (12) may be taken as another mode of 
stating Boyle’s law 


101. Two constants k^ and k are involved in the two 
different statements of Boyle’s law, viz in (11) and (12). 
The constant k depends only on the nature of the gas and ip 
independent of its mass, whereas depends both on the 
nature and the mass The following experiments demon¬ 
strate the truth of this fact 

(1) Let a given mass of a gas be enclosed in a cylmdrical 
vessel into which fits a smooth airtight piston, and let a 
constant inward force, F, be applied to the piston The 
object of this is to subject the enclosed gas to a constant 
pressure, p say To see this, let a be the area of the piston , 
then pa is the force with which the gas withm tends to 
push the piston This is balanced by F, the pressure on 
the outer side, and the component of the weight of the 
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piston in this direction Therefore pa = constant, or p is 
constant. 

Note the volume V of the gas. Next, let some more gas 
of the same kmd be introduced into the vessel. It is found 
that the piston moves outwards so that the new mass 
now occupies a greater volume (at the same pressure p) 
than before. The new volume F' is noted. As 


F'>F, pV'>pV, 

or k^>K, .. . ..(13) 

where k^, k^ denote the values of the constant of (11) for 
the new and the original quantities of the gas 

(2) Let some air be enclosed m a space, for example in 
the cylinder of the previous experiment , let its pressure be 
p and the atmospheric pressure be 11 Let the volumes of 
equal masses of the air m the vessel and of the atmospheric 
air be F, F' respectively Now, if the former, by suitably 
changmg the magnitude of F, be allowed to attain the 
pressure If, it will be seen that its volume changes from 
F to F' , it IS right that this should be so, because the former 
quantity of air when it attains the pressure II will be mdis- 
tinguishable from the atmospheric air Applying Boyle’s 
law to this mass, we get 

pF = nF', 


and since the mass is the same, ^ ^, 

Q e 

or k=k', ... . .. (14) 


where q, q' are the densities and k, k' the constants for the 
enclosed air and the atmospheric air 
From (12), we have 


p=kQ: 


km 

V ’ 

pv = ki = km . 

showing agam that depends on mass. 


. (15) 
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102. Charles’ law. If the pressure of a given quantity of 
gas be constant, its volume increases by 003665 {or 
nearly) of the volume of the gas at 0° C , for every rise of 
1° G. in its temperature 

This law 18 also attributed to Gay-Lussac or to Dalton 
Like Boyle’s law, it is based on the results of experiments, 
descriptions of which can be found in any standard book 
on Physics 

If Vq, Qo he the volume and density of the given quantity 
of gas at 0° C , and V, q the corresponding quantities at 
t° C., and if a denotes its coefficient of expansion (which 
is equal to 003665), then the law states that 

V-V,= V^at. 

or V = Fo(l +at) . . . (16) 

Since mass = Ff) = Fo?o> d follows that 

Qo = Q{l+at) . . (17) 

103. If the temperature, f, be negative, i e the tempera¬ 
ture be lower than 0° C , this law is still true for a definite 
range of temperature provided the whole mass continues 
to be gaseous Assuming the possibility of a contraction, 
in accordance with (16), to an indefinite extent, it gives 

that when t= - ^ or -273, V is zero The temperature 

- 273° C. IS called the absolute zero and the temperature 
measuied from this point the absolute temperature Thus 
if T° denotes the absolute temperature corresponding to 

t° C., 1 

T=t + ~=t + 2n .(18) 

a 

The utihty of the absolute temperature is that it affords 
a shorter mode of representation of the formulae for the 
gases. For example, (16) and (17) can be written as 

V = VguT and = gaT .(19) 
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That is, the volume of a given mass of gas vanes directly, and 
its density varies inversely as its absolute temperature. 

The absolute zero, or -273° C , has not been reached in 
practice , moreover, all known gases are liquefied at 
temperatures higher than - 273° C. We have therefore 
no experimental facts on which to base the actual behaviour 
of gases at absolute zero 

104. By combining Charles’ and Boyle’s laws we get 
an important relation between the pressure, volume and 
temperature of a given mass of gas, viz pVoc {1 +at}, or 
pVcc T. 

To establish the relation, let p denote the pressures 
and Fq, V the volumes of the given mass of gas at 0° C. 
and t° C respectively We can suppose that the change 
from Pq, Fd to p, V takes place m two stages. Firstly, let 
the temperature be increased from 0° C to C C , keeping 
the pressure constantly at , * let the volume change in 
consequence from Vq to F' (say) Then by (16), 

F'-Fo(l-iaf) 

Next change the pressure from p^ to p so that the volume 
changes from F' to F, the temperatuie remaining constant. 
Therefore, by Boyle’s law, 

pF=PoF'=p„Fd(l+aO-PoFoaT, ... (20) 

if T denotes the absolute temperature As = T^, the 

absolute temperature correspondmg to 0° C, we may 
write this as pV p V 

^ =-'®-5, which IS constant.(21) 

-t 0 

\)5. Mixture of Gases. It has been seen experimentally 
that if given volumes of two gases (which are such that no 
chemical action takes place between them) at the same 

This can be managod with the help of the cylindrical vessel 
(with piston) deeciibed in Art 101 
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temperature and pressure are allowed, to mix, the volume of 
the mixture, also at the same temperature and pressure, is 
equal to the sum of the given volumes of the gases 

The above experimental fact enables us to establish the 
following rule . 

If equal volumes, v, of two gases at the same temperature 
but at different pressures be mixed together and if the volume 
of the mixture (also at the same temperature) be v, then the 
pressure of the mixture is equal to the sum of the pressures 
of the two gases. 

This rule can also be stated thus . 

The pressure of the mixture of tivo gases occupying a given 
volume would be the sum of the pressures that each gas would 
have us^n occupying alone the same volume at the same 
tempS^ure 

To prove this rule of superposition of pressures, let us 
suppose that pj, p^ are the pressures of the two gases when 
the volume (of each) is v Let us change the pressure of 
the second gas to pj before mixing, so that its volume 
changes from v to v' (say) Then, by Boyle’s law, 

PjV' =p^ 

When the gases are mixed, the volume of the mixture 
— v+v' and its pressure p„ by the experimental law stated 
in the beginning Pinally, the volume of the mixture is 
changed to v ; then the required pressure P will be given by 
Pv=Pi(v +v') =PiV + p^v, 

or P=Pi+P 2 .(22) 

This rule can be applied to the mixture of any number of 
gases. 

106. If given masses of two gases whose volumes are Vj, v.^ 
and pressures p^, p^ respectively are mixed together, to find 
the pressure of the mixture when its volume is V, assuming 
the temperature to be the same throughout. 
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Let us suppose that before mixing the volume of each 
gas is changed to V, then their pressures are, by Boyle’s law, 


V 


and 


V 


respectively. Now they are mixed ; the pressure P of the 
mixture when its volume is V is, by (22), given by 


PjVj +P 2V2 

V 


■(23) 


Alternative proof Let the pressure of the second gas be 

changed from pj to , its new volume will then be 

When the gases are mixed, the volume of the mixture is 

Vj and its pressure is p^ by the experimental law, 

Pi 

Art 105. Finally the volume of the mixture is changed to 
V , let its pressure be then P 

PF=Pi(^t)i+^^^2)=p,ri+p2D,. 

which IS the same as (23) 

This result can also be extended to the mixture of more 
than two gases 

107. A barometer in which the vacuum (above mercury 
or the liquid in the tube) is not perfect is called faulty 

Ex 1. A faulty barometer which contains some air 
above mercury, records 29 in and 27 5 in when true 
atmospheric pressures are 30 m and 28 in..'of mercury 
respectively Find the lengths occupied by the air in the 
tube at the time of the rcadmgs and the volume of this 
quantity of air at atmospheric piessure of 30 m [Cor 
rections for barometer including that due to capacity of 
the cistern not to be taken into consideration.] 

Let a in be the length of the barometer tube above the 
mercury level in the cistern Then the length of the air 
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column in the tube will be (o-29) in and (a-27-5) in 
when the atmospheric pressures are 30 in and 28 in 
respectively The pressure of this volume of air is equal 
to that at the mercury level in the tube , therefore the 
pressures m the two cases are (30 - 29) in. and (28 -27-5) 
in. of mercury, i.e equal to 1 in. and J in of mercury, 
because the pressure at the cistern level is the atmospheric 
pressure 

Let X m. be the length that would be occupied by the 
volume of air at 30 in pressure Then, by Boyle’s law, 
a;.30 = (a-29) l=(a-27 5) i 
Solving we get a = 30 5 and x= 05 

the lengths of air column are 1 5 in , 3 in and -05 in 
Answer 

Ex 2 A cylinder contams equal volumes of two gases 
at 0° C , which are separated from each other by a thin 
weightless piston (of negligible volume) which accurately 
fits the cylinder and can move freely in it. If the tempera¬ 
ture of one gas be raised to C, find the position of the 
piston assuming that the other gas remains at 0° C. 

The piston divides the cylmder in the ratio of the 
volumes of the two gases To find the position of the 
piston 18 equivalent to determine this ratio 

Let V be the volume and p the pressure of each gas in 
the beginning , i e 2 F is the volume of the cyhnder ; let 
Fj he the volume of the gas at t° C or 273° + absolute 
temperature, and Fj that of the other gas at 0° C or 273° 
absolute temperature Since the piston is in equilibrium, 
the pressures of the two gases (which it separates) are 
equal, let p' denote their common pressure in the second 
case Then by (21), 

pA\ ^pV j/Vi pV 

273273 273 273 

Fi.F2=273+< 273, 
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i e the piston divides the axis of the cylinder in the above 
ratio 

Ex 3 The volume, pressure and absolute temperature of 
a given mass of a gas are pj, Tj and Tj° , the corresponding 
quantities for another given quantity of a second gas are 
Pj, Fj and T^°. These are mixed together and the volume 
of the mixture brought to V and its temperature to T° 
(absolute) If tliere be no chemical action between the 
gases, find the resulting pressure of the mixture 

Let us suppose that the gases are brought to the tempera¬ 
ture T° before mixing ; the final result will not be affected 
by this supposition Let Pj', p^' and Fj', V^' be the pres¬ 
sures and the volumes of the two gases after this change in 
temperature Then, by (21), 


P i ^ l Fl^l Pi P2^ 2 
T ~ ■ T ~ T^ ' 

Applying next the rule (23), we have the final pressure. 


P- - y 


since the temperature remains at T°, 


FL 


- 1 - 


PiYi 

T ’ 
■* E J 


or 


pj 

T Tj 


..(24) 


Ex 4 A hollow closed conical vessel, of height h, floats 


partially immersed in water with vertex downwards and 


axis vertical A hole is then made very near the vertex 
and water allowed to come into the vessel so that no air 


escapes from within If the vertex was originally at a 
depth 6 and H is the height of water barometer, prove that 
the new depth c (of the vertex) satisfies the relation 



H(c^-b^) -f 
A® - fc® -6®)_ 
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Since the vertex was originally at depth h, the weight of 
the vessel = -(pt Qf water displaced 

= tan^a w . (i) 

where a is the semi-vertical angle of the cone and w is the 
weight of unit volume of water Let x be the depth of 
water inside the vessel in the final position , therefore its 
level IS (c - x) below the external surface of water and the 
volume of the water inside = \7ix^ tan^a 

wt. of the cone -i- wt of the water inside 

-=wt of the water displaced, 

or, from (i), 

tan*a -i-tan'^a . tan^a w, 

or 6®-t-x*=c® . (ii) 


Again, the air which occupied the whole volume of the 
cone at atmospheric pressure H, now occupies a volume 
Jjr (A® - x^) tan^a under a pressure H + c -x, which is the 
pressure at the level of water inside the vessel Therefore 
by Boyle’s law, 

tan^a H = -x®) tan^a (H+c-x), 

or h^H = (h^-x^)(H+c - i) (lii) 

brom (m), x = c-^ 3 _^ 3 , 


X® 



x®i/ Y 

fe® -X®/ 


Substituting the value of x® from (ii) we get the result. 


EXAMPLES. 12. 

1. Specific gravity of glycerine being 1 27 and that of 
mercury 13 6, find the height of a glycerme barometer when 
that of a mercury barometer is 30 m 

2. In the formula p =kg, calculate the numerical value of k 
in ft sec units from the following data specific gravities of 
air and mercury are 0013 and 13 6 respectively, the height 
of the mercury barometer is 30 inches and the value of 
g — 32 18 ft. sec. units 
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3. Bubbles of air rise from a depth of 20 ft. in water. Find 
the ratio m which the radius of a bubble is increased when it 
reaches the surface, given that the height of the mercury baro¬ 
meter 18 30 in. and the sp gr. of mercury is 13'6. 

4. A given mass of air at 23° C. and a pressure of 27 in. of 
mercury occupies a volume of 120 c c Find its volume at 
60° C. and a pressure of 30 in of mercury. 

6. A given mass of air is contained in a long cylindrical 
vessel fitted with an airtight piston which can move freely 
along the cylinder The temperature of the mass is changed 
without disturbing the surrounding atmosphere and no 
external force is applied to the piston Show that if the 
temperature changes through a senes of v-alues in A.P , the 
corresponding densities of the mass form an H P 

6 A vertical tube closed at the top is allowed to sink 
vertically m deep water. The tube is of thin material, 60 cm 
long, 2 75 sq cm in cross-section and 80 grammes in weight. 
Find approximately the lengths of the parts into which the 
tube (when in equilibrium) is divided by the levels of water 
inside and outside the tube, the atmospheric pressure being 
due to a height of 10 metres of water 

7. A conical glas.s, height h, is immersed mouth downwards 
in water ; find the depth of its rim when the water inside the 
glass rises half-way within it The height of the water baro- 
metei is H 

8. At <°C, the height of mercury and the length of Torricel¬ 
lian vacuum are h and a respectively A (juantity of air 
which would occupy a length b of the barometer tube at 0° C. 
and a pressure due to height H of mercury, is introduced 
into the vacuiun at the foiiner temjiorature Show how the 
amount of fall of mercury m the barometer tube can be 
calculated 

9. The constants k^ and denote the values of ‘ >1 ’ m the 
formula p =kQ for two gases Civen masses and wij of the 
first and the second gas are mixed at the same temperature 

)^Prove that the value of the constant k for the mixture is 

”* 1^1 +^ 2^12 
Tttj -tmj 

10. The sp. gr of the gas inside a balloon is 0 1, the air at 
76 cm. pressure and 0°C being taken as the standard sub¬ 
stance. If the atmospheric pressure changes from 76 cm to 
75 cm. while the temperature remains at 0°C., prove that the 
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lifting power of the balloon ig reduced .in the ratio 337 . 342, 
the volume of the balloon remaining unaltered and the weight 
of ita envelope neglected 

11. A barometer stands at 30 inches, the vacuum above the . 
mercury being perfect; the area of the cross-section of the 
tube IS 0 2 sq. in. If 0 2 cu in of ordinary air be introduced 
into the vacuum, the mercury is seen to fall through 3 m. 
Find the length of the origmal vacuum. 

12. The readings of a true barometer and a barometer 
which contains a small quantity of air in the space above 
mercury are 30 and 28 mches respectively When both baro¬ 
meters are placed under the receiver of an air pump from 
which air has been j/artially exhausted, the readings are 
observed to he 16 and 14 5 inches Show that the length of 
the tube of the faulty barometer measured from the surface 
of mercury in the basin (which is wide) is 32 5 inches. 

'13. A faulty mercury barometer reads 28 m and 27 in. 
when a true barometer reads 28 5 in and 27 4 in respectively. 
Find the true barometric height when the reading by the 
faulty one is 26 m Also find the height of the faulty barometer 
when true atmospheric pressure is 28 in 


14. A U-tube of uniform bore is fixed vertically with the 
bena uppeimost and the open ends dipping into two wide 
basins containing mercury, a length a round the bend being 
occupied by air and the remainder by columns of mercury of 
length c One of the basins is then lowered through a small 
distance h Show that the mercury level in the correspondmg 

tube IS approximately lowered by ~ 2c ’ ^ 

height of the mercury barometer , also find by how much the 
mercury rises in the other tube 


- 15 If a small piece of glass (or metal) floats in mercury 
tvithm the barometer tube without touching the sides, how 
would the height of mercury level in the tube be affected ? 

16. A closed vessel in the shape of two coaxial cylmders, of 
equal height 6, has one plane base completely covered up, the 
other base having only the area between the cylinders covered ; 
the inner cylinder has a small hole very near its closed end. 
The vessel is placed with the closed end downwards and the 
axis v'ertioal, and water is slowly poured into the inner cylinder 
till it IS full If no air has escaped from the space between the 
cylinders, prove that its length is +ibh-h), where h is 

the height of the water barometer. 
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17. A cylindrical tube of length o, open at both ends, is 
placed m a wide reservoir containing liquid (sp. gr. a), with 
its axis vertical and one-third of its length immersed. A 
piston (which closely fits the tube) is then inserted from above 
and pressed till all the liquid m the tube is just expelled If h 
be the height of the water barometer, find the distance through 
which the piston has been moved m the tube. 

18. In the last example, if the liquid be contained in a 
cylindrical cistern whose cross-section is n times that of the 
tube immersed, prove that the length of the air m the tube 
when all the liquid has been expelled would be 

2ah (11 - 1) 

3(n - l)h +naa 

Also show that this gives the same result as the previous 
example when n is very large. 

19. A cylindrical vessel, of weight W and height a, just 
sinks in water when immersed with its open end downwards 
and a weight W placed on it at the top When it is placed in 
water with the closed end foremost it requires a downward 
force of Sir to sink it to the same depth as before Calculate 
the height of the water barometer 


20. A heavy vessel, open at one end and made of thin sheet 
of metal, is of the shape of a surface of revolution and its 
capacity is V. It is immersed m water with the open end 
downwanls, the plane of its rim bemg horizontal and the axis 
of symmetry vertical Find the condition so that the vessel 
may float, wholly or partially miinersed, in equilibrium The 
density of air is to bo taken negligibly small 

21. If the vessel of the la.st example floats in equilibrium 
when just immersed, prove that the volume of the compressed 
air withm the vessel will bo equal to the volume of the water 
the vessel would displace if it were to float with the open end 
upwards 

22. A cylindrical vessel of height 3 ft , open at the top, is 
placed with its axis vertical ; a solid right circular cone, of 
height 6 ft , IS put on the top of the cylindrical vessel, which it 
fits like an airtight piston, the axis of the cone being vertical 
and vertex upwards The sp gr of mercury and the cone are 
13-6 and 8 respectively, and the height of the mercury baro¬ 
meter is 30 in. If the cone be allowed to descend into the 
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cylinder, prove that the cone will come to a position of 
equilibrium when its base is at a distailce of 2 04 ft. from the 
closed end of the cylmder 


23. A piston of small thickness and of weight w per unit 
area fits closely a cylinder which contains given masses of two 
gases separated by the piston Initially the cylinder was kept 
with its axis horizontal, when it was observed that the piston 
was at the centre of the cylinder and the absolute temperatures 
of the two gases were and < 2 “ The cylmder was then 
turned, with the former gas uppermost, so that its axis became 
vertical and the gases were brought to the same temperature 
t° Show that the iiressnres and p^ of the gases satisfy 
the relations " 112 

P2~Pi->^ 

Pik Pih Pt 

where p was the initial pressure of each gas 


24. A straight tube of uniform narrow bore and closed at 
both ends, contains some mercury in the middle and air at 
each end When the tube is vertical the portions occupied by 
air are of lengths a and 6 respectively, which become a and f{ 
when the tube is inverted Find the lengths occupied by the 
air when the tube is horizontal 


25. Into a glass cyliiulrical vessel half-full of water another 
glass cylindrical vessel of the same height but half the areal 
cross-section is gently lowered with the open end foremost 
until it rests on the bottom of the former cylinder ; the lengths 
of the air space and water column m the latter are observed 
Prove that the ratio of the height of the water barometer to 
the length of the air space is as the difference (d) of the levels 
of water outside and inside the smaller cylinder to the height 
of the water column in this cylmder. 

Find, also, the work done upon the water, and express it m 
terms of d and the weight (IP) of water per unit length of the 
larger cylmder. 

26. A thin piston, without weight, fit.s into a vertical 
cylinder which is closed at its base and filled with atmospheric 
air Initially the piston is very near the top of the cylinder , 
if water be slowly poured on the top of the piston, show that 
the upper surface of the water will be lowest when the depth 
of the water (over the piston) is Vah -h, h being the height of 
the water barometer and a the height of the cyhnder. 

27. In a cistern barometer the long tube is suspended by a 
string which passes over a smooth pulley and has a definite 
coxmterpoise attached to the other end. Prove that the ratio 
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of the changes in the length of the barometer tube above the 
mercury level m the cistern to the corresponding changes m 
the height of the mercury column in the tube is equal to the 
ratio of the sectional area of mercury m the tube to the 
annular sectional area of the material of the tube. 

108 . If the density of air were the same at all heights, 
the height of the atmosphere above the surface of the earth 
cout^ be easily calculated Thus let A be the height of the 
mercury barometer, g the density of mercury, a that of 
the homogeneous atmosphere (and equal in value to that 
of the air at the surface of the earth) and g the acceleration 
due to gravity (supposed to have the same value through¬ 
out this region). Then the pressure of air at the surface 
of the earth 

= the weight of the column of air above earth (per 
unit cross-section) 

= gaH, 

where H denotes the required height But this pressure is 
given by the barometer to be ggh Whence cquatmg we get 

gaH =ggh, or H — ^h . . .(25) 

Let A = 30 in. ; p = 13-6, a= 0013, the density of water 
bemg taken as unity Substituting in the above, we get 

H = =4-95 miles nearly 

The atmosphere bemg, however, a compressible fluid, its 
density varies from point to point, or from layer to layer, 
above a definite place on the earth’s surface It depends, 
as we have seen, on the pressure and the temperature of the 
layer, the laws of variation of which are unknown The 
actual height of the atmosphere cannot therefore be 
definitely determined, but other considerations have led us 
to conclude that the atmosphere cannot extend mdefimtely 
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beyond the earth’s surface. Its height, however, fax 
exceeds 5 miles, as has been calculated on the basis of 
homogeneity. 

109. Determination of Altitudes by Barometer. If the 
atmosphere be assumed to be at rest under gravity (i.e. at 
rest relative to the earth), the only force acting on an! 
element of air at vertical height z above the surface of the 
earth would be that of gravity. Therefore, by Ar|^ 72 
and 73, we have 

-gQ or dp -gqdz, . . . .(26) 


since the direction of gravity is opposite to that of z increas¬ 
ing.’'' [Cf Art 78 ] On the right-hand side are involved 
g and Q {i e the gravity and the density of air at height z) 
If the range of atmosphere under consideration be com¬ 
paratively small we can take g and the temperature con¬ 
stant On this assumption we have, by Boyle’s law, 

p = kQ. 


.'. by division. 


or 


dp _ 

-jdz. 

P 

k ’ 

'‘I 

1 

9 h 

Jp, P 

kk 


dz. 


where pj, p^ denote pressures at heights z^, z^ respectively , 
let pi, p 2 denote the densities at these altitudes Then 


iog|-;=iogg=-f{z,-*i), 


..(27) 






(28) 


ei 
92 

or — = 

01 Pi 

The above formulae furnish us with a means of deter¬ 
mining the difference of altitudes of two places by observing 
the atmospheric pressures there, provided the temperature 


* This equation could be obtained from elementary principles, as 
in Art 72, by taking the z-axis vertically upwards and the elementary 
cyhnder parallel to this axia 
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be the same. The ratio Pi can be replaced by the ratio 
of the barometric heights, viz. h^' h^. 

Note. If the temperature at the two places be different, 
we may proceed on the assumption that the mean tempera¬ 
ture of the atmosphere between the places is constant, 
^ie iih -f ij) = < (a constant) , so that we have to replace 
the constant k by its mean value i:o(l +at) where kg is the 
value of k at 0“ C. Thus (27) becomes 

22 - Zi =^(1 +«0 

110. In the preceding article we had assumed the 
temperature to be constant, such a condition of air (or of 
any gas) is said to be isothermal 

On the other hand, if wo assume that the total amount 
of heat m a given mass of a gas is unchanged during any 
process, although the temperatures of its elements may 
alter, the condition (or the process) is called adiabatic 
Such a thing happens when a given mass of gas suddenly 
expands (or contracts), when a sound wave passes through 
a volume of gas, etc. Durmg adiabatic processes the law 


connecting the pressure and the volume is 

pvy=c', .(29) 

where y and c' are constants Since v = ^ and m is un- 

e 

altered so long as we confine our attention to a given mass, 
this may be written as 

.(30) 


where the constant c is equal to m/(c') 

111. On the hypothesis that the state of the column of 
air IS adiabatic, the equation 

dp= -gg dz 

I 

^dp ^ -gedz , 


gives 
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integrating, as in Art 109, we get 

Vi ~Pi ’■J = (^1 “ **) .(31) 

112. Ex 1 Obtain the modification of the formula (27) 
[or of (28)] by takmg into account the variation of gravity 
due to change of distance from the earth {i e from its 
centre, the earth being regarded as a sphere) 

From (9) we have the value of gravity, g, at a distance z 
to be given by 

^~{a+z}^’ 

where is the value of gravity at the earth’s surface. 
Substituting in the equation (Art 109) 


we get 


V 


^P=-Uz, 

p k 
q,.a^ dz 
^~~r (■^Tip- 


.■ integrating as before, 

= - —'] .(32) 

k \_a+z^ 

Ex 2 The volume of a given mass of gas at pressure p 
IS V If the gas is compressed isothermally (Art 110), show 


that the work done in compressing 
it from volume to is pv log -- 

Suppose that during a small com¬ 
pression the volume of the gas is 
changed from u to u -t- du [8v being 
a negative quantity), and its en¬ 
velope changed from Fig ABO to 
Fig A’ B'C , t e the volume be¬ 
tween ABC and A'B'C — —dv 


P Q 



riQ 05 


Let PQ denote an element of area on the surface ABC, 


of magmtude a , let this element occupy the position P'Q' 
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after compression, so that PP' is normal to the surface 
ABC. The force acting on this element =pa, p being the 
pressure of the gas in volume ABC. 

the work done m bringing this element to P'Q' 
- -pa PP'. 

Addmg up similar expressions for other elements, we get 

the total work done m this small compression (from 
v to v + dv) 

^-lpa.PP'=-p Ea.PP' 

= -pdn .(33) 

because a . PP' is the volume of the element PQQ'P', and 
Za . PP' 18 the sura of such elements, i e is the volume 
between ABC and A'B'C. 

.'. work done in compressing the gas from to 



since pv = k^, by Boyle’s law , 

= . ..(34) 

Note. In solving the above problem we had assumed 
that there was no pressure on the envelope ABC from 
outside, the work being done against the internal pressure 
p only. If, however, there be external pressure P (e g. 
atmospheric pressure), the work will be done against the 
resultant pressure (p-P) The equations (33) and (34) 
would have to be modified in this case 


EXAMPLES. 13. 

1. Prove that the height of the homogeneous atmosphere (of 
density equal to that at the earth's surface) is equal to kjg, 
wherqi M given by the formula p =kQ and g is the acceleration 
due ty^gravity (assumed constant) 
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2. Determine roughly the height of the atmosphere if its 
density were throughout equal to one-half of the density of 
air at the earth’s suiface (viz. 0013), the effects of the varia¬ 
tions of temperature and gravity being neglected 

3. Prove that if p, p' are the pressures at two points the 
vertical distance between which is h, the ratio of the pressure 

to the density at any point is equal to ghjlog ^ , the tempera¬ 
ture being assumed to be constant P 

4. Assuming the atmosphere to be at constant temperature, 
prove that if points are taken at heights (above the ground) 
which are in A P , th'< corres]iondmg pressures are m G P. 

5. If p and p' are the pressures at two points whose vortical 
distance is h, find the pressure at an intermediate point which 
IS at a vertical distance z above the lower point and express it 
in terms of z, h, p and p' The temperature may be taken to 
be unifonn 


6. A heavy gas at constant temperature is confined in a 
vortical cylinder of height h If (i be the density at the base, 

jirove that the mean density =^^^1 -e" 


7 If a change from 30 in to 27 in in the barometric height 
correspond to a rise m altitude of 2200 ft , find the rsse in 
altitude which coirespoiids to the barometric height of 24 in. 
Given log 2 = 3010, log 3 = 4771 


8 A balloon, whose height is not too large to permit of 
variation in the atmospheric pressure within this lange, 
contains hydrogen and requires a foice nig to prevent it from 
rising when its lowe.st [loiiit touches the ground Show' that 
it can float with its lowe.st point at height h above the ground, 
k , M +m 


where k = ~log 
9 

the enclosed gas 


M 


, M denoting the mass of the balloon with 


9. A given mass of gas at pressure p occupies a volume v. 
Find the work done in corapressmg it adiabatically from 
volume Vy to 

10. The pressure and density of air at the earth’s surface 
are Po Qa If Ihe piessure of the air at any height varied 
as the mth power of its density, show that the height of the 

atmosphere would be equal to tunes the height of the 
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homogeneous atmosphere of density Qa and producing the 
pressure at the earth The variations of temperature and 
gravity are not to be taken into accoimt. 

11. Assuming that the temperature of the atmosphere m 
equilibrium dimmishes upwards uniformly with a certain 
constant gradient, prove that its density will be uniform 
Also show that the gradient mentioned above is approximately 
34'3° centigrades per kilometre Density of air at 0° C and 
76 cm. pressure is 0013, density of mercury is 13 6 and g is to 
be taken as invariable 

12. The fall m temperature m the atmosphere is proportional 
to the increase m height above the earth’s surface ; h, h' are 
the readings of mercury barometer at two stations, the former 
of which IS at a height z above the other. Pro\ e that 



where A and m are some constants. 

13. A closed tube AB containing air is made to rotate 

uniformly in a horizontal plane about the end A . Prove that, 
when the air is in relative equilibrium, the density at B exceeds 
that at A in the ratio i, where v is the velocity of the 

end B and H is the height of the lioniogeneous atmosphere. 

14. A piston of weight w rests in a vertical cvhnder of oross- 
section a, being supported by a column of air below of length 
h If the piston receives a vertical blow of impulse P, which 
forces the piston down through a distance x before it comes to 
rest, prove that 

(w + na)(z:+/ilog'‘--') + |L“=o. 

where 11 is the atmospheric jiressure and the compression is 
isothermal. 



CHAPTER X 

DETERMINATION OF SPECIFIC GRAVITY. 
INSTRUMENTS 

113. We have seen in Art 2 that the specific gravity of 
a substance can be defined by either the formula t 

_ni ass of t he substance _ 

mass of an equal volume of water’.' ' 

or the formula 

volu me of equal mas^of water 

volume of the substance ' ' ' 

The methods to be described in this chapter are based 
on (1) or on (2), t e they help to determine the mass of 
equal volume or the volume of equal mass, of water In 
practice the effect of the atmosphere is neglected, for, as 
has been shown in Art 43, it la generally very small 
In some examples, however, it has been shown how 
this effect can be determined and the correct value of the 
specific gravity obtained 

The sp gr of solids or liquids are usually determined 
with the help of the following instruments • 

(1) The hydrostatic balance, 

(2) The specific gravity bottle, 

(3) The u-tube, and 

(4) Hydrometers. 

We shall now consider them in onler 

179 
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THE HYDROSTATIC BALANCE 

114. This IS an ordinary balance, with the difierence that 
one of the pans is suspended by shorter chains (or wires) 
than the other, so that the level of the former is much 
higher than that of the latter, on the under-side of the 
higher pan is a hook. The object of this arrangement is 
that weighments can be made while a solid body is hung 
from the hook m suspension in air or m some liquid con¬ 
tained in a vessel placed underneath this pan ♦ 

115. To determine the specific gravity of a liquid. 

Take a solid body which neither melts in, nor produces 
chemical changes with, nor floats in the given lujuid as well 
as water Find its weights while the solid is susjiended in 
air, in water and in the liquid respectively , let them be 
If 1 , IFj and W 3 . Therefore, neglecting atmospheric effects, 
weight of the body = TFj, 

wt. of the body - wt. of the water displaced = W^, 
and wt of the body - wt of the liquid displaced = 

[Cf Ex 2, Art 54.] 

weights of equal volumes of water and liquid 
= f-nd Wi IF3 

respectively. 

by formula ( 1 ), the sp gr of the liquid 
TFi - IF 3 

.( 3 ) 

116. To determine the specific gravity of a solid heavier 
than water 

( 1 ) If the solid does not melt in water (nor produces any 
chemical changes with it), find its weights while in suspen- 

* An ordinary balance, with a wooden bridge of sufficient breadth 
to allow free movement of the pan across which it is placed, may 
serve the purpose, the body being suspended from the hook (in the 
arm of the balance) winch supports the pan , the vessel of liquid 
(for immersion of the body) can be placed on the bridge ^ 
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Sion in air and in water , let them be and TCj As in 
the last example, 

the weight of the body = 

and the weight of the water disi'laced = - W^, 

the latter having the same volume as the solid 
by (1), the sp gr of the solid 


Wr 


W,-W^ . 

(u) If, however, the solid does not conform to the con¬ 
ditions stated in (i), take another liquid in which the solid 
docs not melt nor does it react chemically with the former 
The sp gr of this liquid is determined (Art 115) , let it he 
a Find the weights of the solid wdiilo suspended in air and 
in the liquid separately , let them bo W-y and IF^ Then 
the wt of the solid = Wj, 
and the wt of the liquid displaced = TFi - IFj 

IF - W 

.. the wt of an equal volume of water =—^—- 
.. by (1), the s]) gr of the solid 
IFiO 


IF,-IF, 


...(5) 


117. To find the specific gravity of a solid lighter than 
water. 

We .sliall assume that the solid has no reaction with 
water as stated in (i) of the previous article , otherwise we 
have to proceed in a manner similar to the method indicated 
in (ii) of the same article 

Take another solid (called the sinker) heavier than water 
and sufficiently heavy to cause the given (light) body to 
sink along with it when tied together and put in water 

Find the weight of the given solid , next find the weight 
of the solid and the sinker when both are suspended in 
water, and finally the weight of the sinker alone when 
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hanging in water , let them be Wi, lYj and W 3 respectively 
Then 

lf2 = wt. of the solid and the smker in water 

= wt. of the solid+ wt. of the sinker -wt of water 
displaced by the solid - wt. of water displaced 
by the sinker , 

and W^3 = wt. of the sinker m water 

= wt of the sinker - wt of water displaced by 
the sinker. 

W 2 - 1^3 =wt of the solid - wt of water displaced by 
the sohd. 

wt of water displaced by the solid (which is of equal 
volume) = Wi - {W^. - W3) 

by (1), the sp gr required 

= _ ( 6 ) 

iri-lFg + lFg ^ ' 

118. Ex \ K solid weighs w in air and w^, in two 
liquids respectively Compare the specific gravities of the 
liquids 

It follows from (1) that, if ffj, Oj be the sp gr of the two 
liquids, the ratio Oj a 2 equals the latio of the masses (or 
weights) of equal volumes of these liquids 

Now, wt of the first liquid displaced by the solid =w-w^, 
and wt. of the second liquid displaced by the solid =ia - w>2 
Obviously their volumes arc equal 

.. Oi a 2 = w -w^ \ w -W 2 

Ex 2 The sp gr of a solid heavier than water is found 
to be n by the hydrostatic balance when the effect of air is 
neglected Prove that if this effect be taken mto con¬ 
sideration, the true sp gr is /< (1 - a) + a where a is the 
sp gr. of the atmospheric air 

In this method there are two weighings (Art 116), and 
the equations given in that article are approximate in- 
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asmuch as the effect of air is neglected We shall now 
write down the exact equations in each case 

It has been shown m Note, Ex. 2, Art. 54, that in forming 
the equations the consideration of the two pans may be 
omitted ; it will be sufficient for our purpose, therefore, to 
consider the solid and the weight-pieces only Let the 
sj) gr of the latter be q, the volume and the true sp gr. 
of the solid be V and /ig respectively, and w denote the 
weight of unit volume of water 

The downward pidl on the arm of the balance carrymg 
the solid in the first weighinent 

= wt of the solid - wt of the air displaced by it 
= (T>o- Va)iv , 

and the downward pull on the other arm 

= wt of the weight-pieces - wt of the air displaced by 
them 



since IVj denotes the true weight of the pieces, their 

W, 

volume is —, and so the weight of an equal volume of 

e 


air 18 


Hence, equating, we get 


Vw 




••••(>) 


Similarly for the second weighment, we shall get 


Vwifia-l) = W2(j . . .(ii) 

the body being immersed in water Therefore, by division, 

fig- a 
>‘o- 1 


whence 
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EXAMPLES. 14. 

1. A given body weighs three times as much in air as in 
water , prove that its sp gr. is l-S. 

2. An alloy made of gold (sp gr 19 25) and silver (sp gr. 
10 5) weighs 11 7 oz in air and 10 8 oz m water Find the 
volumes of gold and silver in the alloy, it being given that 
1 cu. ft of water weighs 1000 oz. 

3. If the weight of the sinker (sp. gr 9) be 41 times that of 
the solid whose sp gr is to be determined, and if the apparent 
weight (m water) of the sinker and the solid together be 2^ 
times the weight of the solid, find its sp. gr 

4. A piece of brass (sp gr 8 4) and a piece of iron (sp gr. 
7 8) are suspended from the two arms of a balance, the former 
being immersed in water and the latter m alcohol (sj) gr 0 8) 
If the balance be m equilibrium with its arms horizontal, find 
the ratio of the volumes of the pieces, as also the ratio of 
their masses. 

5. A piece of wood placed on one pan of a balance is balanced 
by weights of denomination w placed on the other jian , is the 
true weight of the wood greater or less than w ? Give reasons 

6 The value of the sp gr of a liquid is found, as in Art 116, 
to be g (> 1). Prove that this value is really too large by the 
amount a{Q - 1), where a is the sp gr of nir 

7. A ring consists of gold, diamonds and rubies It weighs 
{tn vacuo) 44 6 grains and in water 38 75 gr. When all tho 
rubies are taken out, the ring weighs 34 75 gr in water Find 
the weight of the gold, diamonds and tho rubies m the ring 
separately. Given that the sp gr of gold, diamond and ruby 
are 19 25, 3 5 and 3 respectively 


SPECIFIC GRAVITY BOTTLE 

119. The specific gravity bottle is one which can hold 
a definite volume of liquid , ‘ for this purpose it is fitted 
with a glass stopper which is perforated along its axis so 
that, when the stopper is pushed in the bottle (filled with 
liquid), the excess of the liquid passes out through this 
hole and the stopper is always able to occupy the same 
position (when pushed home) 
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(a) To determine the sp gr. of a liquid 
Weigh the bottle when empty , next weigh it when filled 
with water, and again when filled with the liquid Let 
these weights be Wi, W^, respectively 

Then the weight of water in the bottle = - W^, 

and „ liquid „ = IV 3 - Wj^. 

by ( 1 ), the sp. gr of the liquid 


. 

(h) To determine the sp. gr of a solid heavier than water. 

Let the solid be as stipulated m Art 115 , break it into 
small pieces so that they can be put inside the bottle 
Weigh the bottle (1) when empty, (2) when solids aie put 
in it, (3) when solids are put in it and then filled with 
water, and (4) when filled only with water , let them be 
Wj, W 2 , W 2 , W 4 * Then 


wt of the solid = fVj - W^, 
wt of the whole vol of water = - Wj, 

and wt of the solid+ wt of the remaining vol. of water 


= iv,-w. 


.'. subtracting the second from the third, 
wt of the solid - wt of an equal vol of water 

wt of the equal vol of water = (^3 - Wi) - (W 3 - 
.• by ( 1 ) the sp gr of the sohd 


W,-W, 

-(W,-W,)-W, + W,- 


( 8 ) 


(c) If the sohd be soluble m water we take another 
liquid which has no effect on it Find the sp gr of the 


* If convenient, the sohd pieces can be weighed on the pan of the 
balance ; then it does not become necessary to take the first two 
weights The sp gr would be given by the formula (8) if 
[W 2 - Wi) IB replaced by the weight, W, of the solid pieces 
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liquid [cf (a)], let its value be a Then proceed as in (6), 
using the liquid instead of water, and we shall obtain 

wt of the equal vol of the liquid 
= - ICi - If 3 + If 4 

wt. of an equal vol of water 

= (If 3-If 1-If at If 4)'O' 
the sp gr of the solid 

_ (Ifa^Ifi)*^ (^\ 

-'(If; -If,) -If3 +If 4 . 

{d) If the solid be lighter than water, we take, if possible, 
another liquid into which the solid sinks , we then proceed 
as in (c) 

THE U-TUBE 

120. This apparatus is used for the determination of sp 
gr of liquids only 

(a) If the liquid and water do not mix, they are poured 
into the two vertical arms of (he u-tubo, one down each 
aim I^et R be their surface of separation, 
A B, BDC being water and the liqmd Take 
two points, one in each arm, in the same 
liquid and in the same horizontal level Let 
E be at the same level as B , then B and E 
are suitable points (or levels) Measure the 
, heights AB and EC , let them be h^ and 

h 

Then pressure at B = pressure at E 

(Art 13), 

or n = n + wffAj (Art 11), 

where FI is the atmospheric pressure, a is 
the sp gr. of the liquid and w the weight of unit volume 
of water. 


bH 



o — h^ h^ 


.( 10 ) 
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(6) If the hquid mixes with water, some mercury is first 
poured into the U-tube , let BDE denote the portion 
occupied by mercury, BE being horizontal Next sufficient 
quantities of water and the liquid aie poured down the 
branches AB and CE respectively, so that the levels of 
the mercury are the same as before Measure the columns, 
AB of water and EC of the liquid The calculation is 
the same as before, the required sp gr. being AB ■ CE 

121. The inverted U-tube This apparatus contains an 
open tube fixed in the U-tube at the bend K (Fig 67) 
The lower (open) ends of the U-tube dip 
into vessels, E and F, containing water 
and the hquid whose sp. gr is to be de¬ 
termined The projecting tube at K is 
connected to an exhaust pump so that 
the pressure of the air in the portion 
BKD becomes less than the atmospheric 
pressure. In consequence, the liquids 
rise in the two branches up to B and D , 
measure the heights of the water column 
AB and the column CD of the liquid 

Since pressure of the air in the por¬ 
tion BKD 

= pressure at the level B, 
also = pressure at the level D, 

ll-w . AB = ll-wa (7Z), as m Art 120, 
whence o = AB CD 

This apparatus is also called Hare's hydrometer 

EXAMPLES 15. 

1. A sp. gr. bottle weighs 63 giainmes when it is filled with 
water ; some pieces of metal (sp gr 8 4) are put into it when 
some water overflows The bottle is then wiped on the out¬ 
side and found to weigh 100 grammes Find the weight of 
the water that has overflowed 
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2. A sp. gr. bottle can contain 60 grammes of water. When 
a piece of silver (sp. gr. 10 5) is put m and the bottle filled up 
with water the contents weigh 97 5 grammes. Again, when the 
same piece of silver is put in and the bottle filled with a 
mixture of equal parts (by volume) of alcohol and water, the 
contents weigh 93 grammes. Find the sp. gr. of alcohol. 

3. Taking into consideration the effect of the atmosphere, 
find the true sp. gr. of a liquid m terms of the value, g, found 
m Art. 119 (a) and the sp. gr , o, of the atmospheric air. 

4. The lower part of a U-tube contains mercury, a liquid is 
poured down one branch till it occupies a length a of the tube 
When water is poured into the other branch up to a height b 
above mercury, it is observed that the mercury level in this 
branch is lower than that in the other by c. If o denote the 
sp. gr. of mercury, find the sp gr. of the liqmd. 

5. If m the previous example a thin cylinder of wood be 
put into the arm containing water, and if the height of the 
water column be increased by x when the cylinder fioats m 
equilibrium (m contact with water only), prove that the 

mercury level in the other arm is raised by ^ 


COMMON HYDROMETER 



no. 68. 


122. The specific gravities of bquids only can 
be determined by the common hydrometer It 
IS generally made of glass, and consists of a long 
stem AB of uniform cross-section terminating m 
a bulb C, below which there is another smaller 
bulb D , the lower bulb is loaded with mercury 
(or lead shots) so that the instrument may float 
in a liquid with the stem in a vertical position 
The stem AR is graduated in such a manner that 
the graduation at the point P up to which the 
hydrometer sinks in a liquid gives the sp. gr of 
the liquid. 

It is clear that the hydrometer always displaces 
hqmds whose weights are equal to that of the 
mstrument; for this reason it is sometimes 


called the constant weight hydrometer. 
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123. To find the specific gravity of a liquid 
Let F denote the volume of the hydrometer, supposed to 
be known. Put it into water, and let the portion AP 
(Fig. 68) remain above water when the mstrument floats 
in equilibrium Next, put it in the hqmd and let the 
length AQ remain above the surface Let AP=a, AQ=x 
and the eross-section of the stem = a , then 

the volume of water displaced = F - aa, 
and the volume of the liquid displaced = F - xa 
These volumes have equal weights, i e equal masses 
by (2), the sp gr of the bquid 


F-ag 
V -xa 


.( 11 ) 


124. To graduate a common hydrometer 
By putting the instrument in water and various other 
liquids whose sp gr are known (by other methods), the 
points up to which it sinks are marked and numbers equal 
to the respective specific gravities are put against the 
marks It is rather impracticable to use the same hydro¬ 
meter for measuring the sp gr of all liquids, for such a 
hydrometer must have its stem of an inconvenient length 
In practice, therefore, one instrument is used for a definite 
range of specific gravities, another for a consecutive higher 
(or lower) range, and so on 

Theoretically we proceed thus : 

(i) Let s and s' be the sp gr corresponding to the values 
X and x' of AQ (the portion of the stem that remains above 
the liquid) Then, from (11), 


s 


V -aa , , V - aa 

"Tr- SrllCl S - YT y ) 

V - xa V -X a 



and a similar expression for x'. 
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If V, a and a are known (by measurements), the value 
of X corresponding to the sp gr s can be calculated from 
(12) The number s is then put agamst a mark 
^ made at Q, where AQ=z Similarly for other 

graduations In this manner the whole stem can 
~ be graduated 

_ Q (ii) Instead of graduating from the top as above, 
the graduations may be made from below, as is 
generally done in practice. 

Assume the stem prolonged to 0 so that the 
volume of the tube from 0 to A = the volume 
® ' of the instrument That is, OA a = F 


or 


(11) gives the sp gr = 


OA a - AP . a 
OA.a-AQ a 


5 


_qp 

OQ 


(13) 


O As 0 would be a definite point on the pro- 

iia 69 longation of the stem, we may take 0 as our 
origin , and since P denotes the point up to which the 
hydrometer sinks in water, OP may be taken to be of 
definite length 

we see that, if ive vary OQ through a senes of values 
in A P , the corresponding value of s (or sp gr ) would be in 
HP; conversely, if s vai les through a series of values in 
A P , the corresponding values of OQ (or the distances of the 
points of graduation) would be in H P 


125. If we subtract from (12), the corresponding equation 
in x' and s', we obtain 

. 

V 

where X is put for a — which is constant Similarly we 
shall have 
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and so on. This shows that 
if 'K, x', .t", .. are in A P , 

-, 7 ,, arc also in A P , 

s s .s ’ 

s, s', 6", . are m H P 

That 18 , if the stem is giaduated at equal distances, the 
corresponding values for the sp gr must be in H P. 

NICHt'LSON’S HYDROMETER 

126. This hydrometer can be used to ascertain the sp gr. 
of liquids as well as solids It is generally made of brass 
or any other metal It consists of a hollow 
cylindrical vessel V at one end of which is fixed a 
thin stem B. A pan. A, is attached to this stem 
at right angles to it Fiom the other {t e the 
lower) end of the vessel C is suspended a cup oi 
basket D, which is sufticiently heavy to make the 
instrument float in stable equilibrium with the 
stem B vertical There is a well-defined mark 
on the upper stem, and in using the hydrometer 
weight-pieces are placed on the pan till the in¬ 
strument sinks in the liquid just up to this mark 
It IS thus clear that this hydrometer is made to 
displace the same volume of the Injuids (equal to 
the volume of the instrument from the mark on B 
downwards). For this reason it is also named as j.,g jq 
the constant volume hydrometer 

127. To determine the sp gr of a liquid 

Weigh the hydrometer , let its weight be W. Put the 
hydrometer in water, and place sufficient weight-pieces on 
the pan A to sink the instrument up to the mark on B , 
let the weights put on the pan be TFj Repeat the experi¬ 
ment with the hquid (whose sp gr is to be determined) 
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instead of water, and let be the weights on the pan 
Then 

W + W-^= weight of the instrument and the weight-pieces 
= weight of the water displaced , 

also 

W +W^ = wt of the liquid displaced 
Since their volumes are equal, the sp gr of the liquid, 
by (1), IT -I- IF, 


IF-t-lFi 


..(15) 


128. To determine the sp gr of a solid heavier than water 
Put the hydrometer in water, and place weight-pieces 
till it sinks up to the mark , let the weight on the pan be 
Wi Put the solid on the pan, and remove some of the 
weight-pieces till the hydrometer floats as before ; let the 
remaming weights (on the pan) amount to TFj Next, put 
the solid on the lower pan, and adjust the weights on the 
upper pan to make the hydrometer sink to the mark , let 
the weights on the pan be TFj Then 

wt of the water displaced by the instrument 
= wt of the hydrometer + IFi, 
also = wt of the hydrometer -^wt. of the solid -t- IF^. 
wt of the solid = IFj - 
From the last observation we have, next, 

wt of water displaced by the hydrometer -i- wt of water 
displaced by the solid 

= wt. of the hydrometer + wt of the solid -h IFj 
wt of water displaced by the solid 
= W,-W, 

by (1), the sp gr of the solid 
IF,-lFj 
IF3-IF, •• • 


. . .(16) 
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If the solid be lighter than water, the help of a sinker is 
required as in Art 117. 

129. Ex 1 Show how to find the true sp gr. of a liquid 
by a Nicholson’s hydrometer if the effect of air be taken 
into consideration [See Art. 127 ] 

Prom (15) we have the approximate sp gr , 

where the TP’s denote the true weights of the weight-pieces 
(being the denominations marked on them) 

Let /iq be tlie true sp gr of the liquid, a and d the sp gr 
of the air and the weight-pieces and w the weight of unit 
volume of water Also, let Fj be the volume of the hydro¬ 
meter below the mark and Fj that of the portion above it 
There are three observations made in Art 127, and we 
have to write the exact equations for them instead of the 
approximate ones given there For the first observation 
the correct equation is 

wt of the hydrometer - wt. of air displaced by it 

= wt of the pieces - wt of air displaced by them, 
the effects of the two pans of the balance cancelling each 
other 

Or, wt of the hydrometer - (Fj + T^j) erw = IF ^ 1 - (i) 

For the second observation the exact equation is 
wt of the hydrometer- 1 -weight of the pieces 

= wt of the water displaced -i- wt of the air dis¬ 
placed by the upper portion of the hydrometer 
and the pieces, 

or u t of the hydrometer TFj = V^w + ^ 

.-. by (i), (TF-fTFi)(|l-^j = TV(l-o) .(ii) 


S.H. 


N 
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Similarly for the third observation we have 
wt. of the hydrometer + = VifiQW + V^crw + ^2 > 

which with the help of ( 1 ) reduces to 

(Ty + H^ 2 )(l-j) = F,ir(/i„-cr) .(m) 

Dividing (ill) by ( 11 ) we get 

_lF + Tr2_/i„-fT 

whence - n) + o 


A'r 2 A common hydrometer whose volume is V and 

7 

the cross-section of W’hose stem is —, has lengths a and b of 


its stem uncovered when floating in two liquids sejiarately. 
In a mixture of the two liquids in the proportion m 1 by 
weight, a length x of the stem remains above the surface , 
while in a mixture m the same proportion by volume, y 
remains uncovered Prove that 


c (x - ij) + y (a + b) — xy + ab. 

Let p=th.e uncovered length of the stem wLen the 
hydrometer is x>ut in water , let «j, be the sp gr. of the 
given liquids and u,, of the two mixtures Then from 
(11) we have 


<LzP , -tzP a -^-'P a 

c-a c-b c-3 c-y 


. (>) 


Next, to find CTj in terms of s, and Sj, let M be the mass 
of the second liquid in the mixture , therefore mM is that of 
the first liquid, so that the mass of the mixture = (m - 1 -1) 


M 

Also the volume of the second liquid in the mixture = - 
mM 

and that of the firsts- - , so that the volume of the 

s 

. . TIT ^ ^ ^ 

mixture = 3f — + - - 

\ Si Sq 
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the sp gr. of the mixture = , 

volume 


m +1 
m 1 ’ 


m + 1 


Substituting from (i), 


c -a 
c - X 


m +1 


m +- 


whence 


-b’ 

-a 

-b 


m{a -x) =x -h . (ii) 

Again, in the second mixture, let V be the volume of tho 
second liquid and mV that of the first . therefore their 
masses are I’.Sj and respectively The volume and 

the mass of the mixture are therefore 

V (wi ^ 1) and V (j/iSj + * 2 ) 

respectively, so that the sp gr of this mixture is given by 

S.) 


w.s, 

02 = - -,-, or 

^ m + \ 

Substituting from (i), 


m + 


m +1 


m + 


c - b 


whence 


c -a 
c - y m + \ 

m{a-y)=^^^(y-b) 


.(Ill) 


Eliminating m from (ii) and ( 111 ), and removmg the 
factor (a - b) from tho result, we shall have 
cx + y{a + b -c) - {xy +ab) =0, 
whence the requiied answer readily follows 

Ex. 3 A common hydrometer is graduated to give 
correct readings at temperature t°. When it is placed m a 
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liquid which is at t]° (> t°), the hydrometer bemg at t°, the 
sp. gr. appears at first to be a, but afterwards to be Oi- 
Show that the true sp. gr of the hquid at t° is 

^ (O'! - 

where and are the coefficients of cubical expansion of 
the hydrometer and the hquid respectively. 

At the first reading the hydrometer was at t°, there bemg 
no time for it to take up heat from the liquid Therefore 
the true sp gr of the liquid (which is at t^°) = a 

Since the volume of the hquid expands by ji' for every 
unit volume per degree (of temperature), its volume 
increases m the ratio 1 + fi' (tj -t) 1 as its temperature 
changes from t° to 4°, and its mass is unchanged, 

.. its sp gr at t° = a[l +-t)] . (i) 

When the hydrometer is heated from to (in contact 
with the hquid) its volume increases in the ratio 

1 , 

and it gives, therefore, a reading corresponding to Uj 
Since the volume of the hydrometer increases and the 
density of the liquid remams the same (the temperature of 
the latter remaining at /i°), the volume of the liquid 
displaced (whose weight is equal to that of the hydrometer) 
remains unchanged 

F-xa = (F-Xia)[l+/?(«j-«)],. (u) 

where F denotes, at t°, the volume of the hydrometer, a the 
cross-section of the stem, and x, Xy the distances from the 
top, of the graduations marked <t, respectively. It is to 
be noted tliat the volume of the hydrometer up to the 
mark Oj was (V -x^a) at t°, and this finally increased to 
{V-x,a)[l+P{t,-t)]. 
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But since a, cTi correspond to x, x^, yve have from (11) 

1 + i), from (ii) 

a V -x^a ^^ 

Substitutmg m (i) we get the desired result. 

EXAMPLES. 16. 

1. The volume of a common hydrometer is 15 c c and its 
weight IS 10 grammes , the cross-section of its stem is 0 26 
sq. cm m area. How much of it will be uncovered when the 
hydrometer is put m a liquid of sp. gr 0 8 ’ 

2. A common hydrometer floats in water with 4 cm. of its 
stem unimmersed, and in a iKpud of sp gr 0 84 with 0 6 cm. 
of Its length above the liquid Fmd the sp gr. of the liquid m 
which the hydrometer floats with 2 cm imcovered. 

3. A Nioholaon’s hydrometer weighs 27 grammes ; when 
weight-pieces of aggregate weight 23 grammes are placed on 
the upper pan, the hydrometer sinks up to the mark m water. 
How much weight sliould be placed on the pan so as to sink it 
up to the mark in a liquid of sp. gr 1 78 ? 

4. A Nicholson’s hydrometer 12 oz m weight requires 3 oz. 
on the pan to sink it up to the mark m pure alcohol (sp gr 
0 795). AVlieii it is put into a mixture of alcohol and watei it 
IS found to require 5 oz to smk to the mark. Find the ratio 
(by volume) of alcohol and water m the mixture. 

5. A common hydromeloi .sinks to the points A, B, C in 
liquids whose densities are gj, g, respectively. If AB=a, 
BU =b and AC =a +h, prove that 

b a a -1- b 
Qi 63 63 

6. If a common hydrometer just floats in water, find the 
graduations that will give specific gravities increasing m a G P 
with common ratio r 

7. Describe the observations to be made with a Nicholson’s 
hydrometer in order to deternune the sp gr. of a solid lighter 
than water, and calculate its value from the observations 
made, neglecting the effect of the atmo.sphere 
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8. If a small length of the stem (at its upper end) of a 
graduated common hydrometer be removed, show that its 
readmgs must all be reduced in a constant ratio so that it may 
still be used for measuring specific gravities 

9 . A common hydrometer floats m water with half the stem 
immersed A lighter htjuid which does not mix with water is 
poured mto the containing vessel until one-fourth of the stem 
remains above the liquid If the depth of the upper liquid bo 

^th of the stem, n being < 4, find the sp gr of the liquid. 

10 . If the effect of the atmosphere be taken mto considera¬ 
tion, show that the sp. gr. of a solid (heavier than water) will 
be p(l - (t) +<s, where g is the value given by the formula (16) 
and <r is the sp. gr of the atmospheric air. 

11. It IS found that a solid whose true weight is w, placed on 
the upper pan, sinks a Nicholson’s hydrometer to the niaik , 
as also another .solid whose true weight is IF, when placed m 
the lower cup If the two solids have tho same sp gr show 

JV ~ iv O’ 

that its value is -i where a is the sp gr of the air 

IF -w ^ ® 

12. If w, Wi, i/ij are the weights required to .sink a Nicholson's 

hydrometer m liquids of sp. gr s, Sj, respectively, prove 
that s can be determined in terms of tlio other quantities 
without knowing the weight of the instrument ; fui'ther that 
this value of s does not require corioction for tho density of 
air __ . _ _ 

13 When the sectional aiea of the stem of a, common 
hydrometer is non-miiloriii, find a mathematical oxpiossion 
for it so that the distance.s (along the stem) of the graduation 
marks should be in A P for values of the sj) gr m A P 

14 . A man wishes to use a common hydiometer which is 
graduated for liquids lighter than water, for determmmg the 
sp. gr of liquids heavier than water. He attaches a weight at 
the lower end of the hydromefer and places tho weighted 
instrument m milk (sp gr 1 05) and glycerine (sp gr 1 25), 
and notes that the respective readmgs correspond to .specific 
gravities 0 63 and 0 77 When the instrument is put m nitric 
acid it indicates a sp gr 0 9, find the correct sp. gi of the 
acid 



CHAPTEK XI 

HYDROSTATIC AND PNEUMATIC MACHINES 

130. The machiii wlucli sliall be discussed in this 
chapter are the siphon, tlie divmg-bel], water- and air- 
pumps and the pressure-gauges 

,THE SIPHON 

The siphon is used to empty a vessel containing some 
liquid without moving the vessel, the latter having no outlet 
at the bottom It consists of a 
bent tube ABC, open at both ends, 
one arm AB of which is shortei 
than the other arm B(' To use 
the siphon, it is first filled with 
the same kind of liquid as is 
contained in the vessel (to be 
emptied), and both the ends A 
and C are closed The tube is 
then inverted and placed with the 
end A below the surface of the 
liquid in the vessel As soon as the ends are now opened, 
the hquid begms to flow in a continuous stream till the 
level of the liquid in the vessel falls below the end A, pro¬ 
vided the vertical distance between A and the bend B be 
less than the height of the hqiiid barometer 

Just before the commencement of the flow, consider the 
forces acting on a very short length of tlie liquid at the 
end C Let a denote the erosb-seetion of the tube, w the 

J99 
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weight of the unit volume of the liquid, II the atmospheric 
pressure and x the vertical height of the level DE of the 
liquid (m the vessel) above the end G The forces acting on 
the element are : (1) the atmospheric pressure Ha on the 
end C, preventing the downward motion ; (2) the pressure 
(n + wx) a on the upper side of the element, forcing it down¬ 
wards, (3) its weight, and (4) the reaction of the sides of 
the vessel which does not prevent the downward motion 
of the element Thus, we see that on the whole the element 
18 forced down When, as a consequence of this downward 
pressure, the liquid moves out of the tube, a partial vacuum 
IS created near the bend causing the atmospheric pressure 
(acting on the surface of the liquid m the vessel) to force 
some liquid up the tube AB This action continues so long 
as A remains below the bquid 

It IS necessary (1) that the height of B above the liquid 
does not exceed the height of the barometer (of the liquid) 
for, otherwise, the atmospheric pressure would be unable 
to force the bquid up to the height B , (2) that the end C 
remains below the liquid-level in the vessel in order that 
the pressure on the element at C be downwards 

The force of gravity helps the action of the siphon to 
continue automatically, the work done by gravity being 
that in bringing the liquid from the vessel to a lower level 

THE DIVING-BELL 

131. The diving-bell consists of a bell-shaped or cylin¬ 
drical vessel made of metal and open at the lower end Its 
weight 18 sufSciently large to enable it to sink in water 
along with the air enclosed by it As the bell sinks, water 
rises within it , the greater the depth of the bell, the higher 
the level of water within , but in no case can water rise 
and fill up the whole volume In practice the bell is quite 
large so as to accommodate a number of men, for whom 
there is arrangement of seats like S, S'. It enables men 
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to go down to the bottom of deep waters, and to perform 
there such w'ork as laying the foundation of a pier, etc 
The machine is lowered by a strong 
chain, K, attached to its top. 

There are also two tubes com¬ 
municating the mterior of the bell 
with the surface of the water, 
pure air can be pumped mto the 
interior through one of the tubes 
to ensure a sufficit'iit supply of 
oxygen and to keep down the 
water to any desired level, whilst 
the vitiated air is withdrawn from 
the bell through the other 

132. As the bell sinks down the 
pressure of the air within it increases, being equal to that 
at the level of the water inside the bell (Art 89) If the 
ten'peraturo remains constant—as is usually the ease—the 
volume and the pressure of the enclosed air obey Doyle’s 
law Thus, the volume of the air diminishes, i e the water 
rises in the bell, with the increase of the depth of the bell. 
When some more air i.s pumped from above, it should be 
noted, while ap])lying Boyle’s law, that the mass of the air 
within IS increased 

Let us next consider the equilibrium of the instiument 
in any position The forces acting on it are (1) the ten.sion, 
T, of the chain Inch supports it, (2) the weight (including 
that of the air enclosed *), and (3) the fluid thrust, which is 
equal to the weight of the water displaced by the bell 
(together uitli the air) 

* It IS convenient to consider the equilibrium of the quantity of 
the air enclosed along with the bell Those who like to consider the 
bell alone should obtain the diilerence of pressure on the external and 
the internal sides of AB, taking into account pressures at different 
levels, even for the air 
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T = wt of the hell + wt of the air enclosed 

-wt of the water displaced.(1) 

As the last term dimimshes m magnitude with the 
increase of the depth of the bell, it follows that the tension 
of the chain increases with the depth 

133. Ex 1 A cylindrical diving-bell of height ti IS lowered 
into water till its top is at depth a below' the surface To 
find the rise of water m the bell and also the amount of 
air that must be sujiphed from above so that theie may be 
no water w'lthm the bell The height of the w ater barometer 
IS h and the weight of unit volume of water is v> 

Let the top AA' of the bell BAA'B' be at depth a below 
the surface LL', and let CV denote the surface of w'ater 
inside the bell Lot AO = x, then 
BC = b -X Also, let a be the cioss- 
section of the bell 

Pressure of the air 6'-4' 

= pressuie at the level CC 
^ wh -t (a -i-a) w 

Its volume , this quantity of 
air occupied a volume ba at the 
atmospheric pressure, wk Theie,- 

xa {h + a + j.) IV = ba wh, 

or + (h +a)x -bh=() (2) 

This quadratic equation has obviously onlv one positive 
root, say /? Therefore the rise of water = BV = b - p 

Next, assume that a volume of air at atmosphcuic pres¬ 
sure which would have occupied a length y of this cylinder 
(i e & volume ya of air at pressure wh) be ]iumped in from 
above so as to expel all water from the bell Then the 
total mass of air (now filling the bell) occupied a volume 


f , 

-i- 


FIO 73 

fore, by Boyle’s law, 
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{ha+ya) at pressure wli , its present volume is bn, and 
pressure = pressure at the level BB' = wh + (« + !>) w 
by Boyle’s law, 

{ha + yu) wh = ha ir{h +a +b), 
or {b+y)h = b(h+a + b) ■, 

. y = {a i-b)h/h . (3) 

Lastly, substituting in (1), we get the tension of the 
ehain at this depth, given by 

T = ir-«’«/l(l-ff), . (4) 

where a is the density of the eonipressed air and W is the 
weight of the bell But as the last term is very small 
as compared with the others, we can put 

2' = W-n'a^ . ... (5) 

Er, 2 Sliow tliat a eyhndueal diviug-bell whose cross- 
seetion is a, height b and weight My, will leaeli a position 
of equilibrium when ]iut in watei il 


M a 


\'h- 1 Abh - h 


— - bo 


where h is the lieiglit of the watei baiometer and g the 
density of the atniospheiic air, the density of water being 
taken a.s unity Also show that in the position of equili- 
31 

brium —thp is the depth of tlie level of water inside the 
a ^ 

bell below the external surface or below' the top of the 
bell, according as the bell floats partially or wholly im¬ 
mersed in water |Cf Q 20, Examples 12] 

As the bell is lowered, the air within it is compressed 
and water rises in the bell The forces on the bell (and the 
air) in any jiosition are (1) the weight J/y of the bell, 
together with the weight bugg of the air (because this fills 
the whole ve.ssel at atmospheric pressure v\hen its density 
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D C 

HU 74 


IS q), and (2) the upward fluid thrust, which is equal to the 
water displaced, there being no tension of the chain in this 
case Obviously more and more water is displaced till 
the bell is com])ietely immersed, and thereafter the amount 
of the displaced water will be less and less 
as the bell is lowered Thus the maximum 
fluid thrust would be when the bell is just 
immersed If the weight, Mg + bagg, exceeds 
this value it is clear that the bell will sink 
under its own weight, on the other hand, if it 
be less than this value of the thrust there are two positions 
of equilibrium, one occurring before complete immersion 
and the other afterwards , fluid thrusts in both the posi¬ 
tions being equal to g(M +baQ) 

To calculate the maximum fluid thrust, let AE (Fig 74) 
be z, then the pressure of the enclosed air is {z + h)g and 
its volume is za Therefore, by Boyle’s law, 
za {z+h)g = ba hg, 
or z^ + }iz - bh — 0 


This equation could have been deduced from (2) by putting 
a=0 The positive root of this IS 

V h'^ + 46A - h 


fluid thrust is z^ag Hence, in order that positions of 
equilibrium may exist, 

q{M +baQ)<z^aq, 
whence the desired result follows 

For the position of equilibrium, lot z^a be the volume of 
watei displaced 

M 

g{M +baQ) =z.,ag, or Z 2 =~ +bg 

Now, for the first position of equilibrium z^ gives the 
difference between the levels of water inside and outside 
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the bell, in the second, it is the length of the air column 
in the bell 

Ex 3 A divmg-bell is susjiended in water at a fixed 
depth , a solid body, which was resting on the ^ilatform 
(above the surface of water) inside the bell, suddenly falls 
into the water and floats freely within the boll Show that 
the level of water inside the bell rises, but the thrust of 
the chain and the amount of -water in the bell are less than 
before. 

Let V denote the ' olume of the object and av that of its 
portion in water when it is floating freely. Also, let the 
volume of the bell originally unoccupied by water be F , 
then the initial v'olurne of air — V - v 

Now when the solid floats, if the level of water were the 
same as before, the volume of air would have been 
V -(v- av) 01 V - V + av, 
i e greater than the original volume. 

.. by Boyle’s law, its pressure would have been less 
than before So the level of water within the bell must 
rise 

Next, let the subsequent volume of the air in the bell 
be F'. Then, smcc the pressure is less (as it has been proved 
that the water level is higher), final volume > initial volume 
or F'> F-v 

The original volume of water in the bell 

= total volume of the bell - F , 
and the final volume of water m the bell 

= total volume of the bell - (F' + v) 

But F' + v> V, proved before Therefore the subsequent 
volume of water in the bell is less than the original volume 

Lastly, by formula (1), the initial tension, T, 

= sum of wts of bell, sohd and air-wt of vol F of 
water displaced. 
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and the final tension,* T\ 

= sum of the wts of bell, sohd and air - wt of vol 
( V' + v) of water displaced 

It follows that T' < T 

EXAMPLES. 17. 

1. A diving-bell is lowered in a lake until one-half of it is 
filled with water • prove that if d be the depth of the top of 
the bell below the surface, the height of the bell is 2 (h - d), 
where h is the height of the water barometer 

2. Wlien a pin-hole is made on the top of a diving-bell 
immersed at some depth, it is observed that air escapes from 
the bell. Explam the reason 

3. A diving-bell is lowered in water until one-fouith of it is 
occupied by water ; d is the depth of the top of the bell and 
h the height of the water barometer. Find how much air at 
atmospheric pre.ssuie must be pumped in from above so that 
(i) there may be no water inside, (ii) the quantity of water in 
the bell be reduced to half 

4. A diving-bell of capacity 1320 cu m, and originally full 
of air at atmospheric pressure and at 12“ 0 , is loweied into 
water which is at 31“ C , till its lower edge is 10 2 ft below 
the surface. How many cu in of air at atmospheric jiressure 
and at 12° C must be pumped into the bell so that when the 
contained air shall have acquired the tomperatuie of water it 
may just fill the bell ’ The water barometer stands at 33 ft 

5 The water inside a conical diving-bell stands at ‘jths of 
the height of the bell ; the atmospheric temperature is 42“ C , 
while the temperature inside the bell is 27“ C Prove that the 
depth of the water level mside the bell below the surface is 
times the height of the water barometer 

6. A hemispherical diving-bell (of radius r) is lowered m 
water with its base horizontal till the water rises up to the 
middle point of the vertical radius of the bell Show that the 

* If we leave out the solid from the equation, we get the fluid 
thrust =wt of the vol V' -f (v — cjv) of water, v ~ ao bemg the part 
of the solid above water But wt of the vol ov of water equals the 
wt. of the solid Thus, the fluid thrust=wt of vol {\' + v) ol 
water - wt of the solid, and T' —wt of bell (plus air) - fluid thrust 
= the same value as given above. 
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depth of the base of tho bell below tlve surface is h + ’l, h 
being tho height of the water barometer. ^ 

7. If h, h' be the heights of mercury in a barometer placed 
within a cylmdrical diving-bell of length h, at the beginning 
and the end of a descent, H the height of a mercury barometer 
at tho surface and q be the sp gr of mercury, find the amount 
of the descent 

8. A diving-bell having the form of a cylinder surmounted 
by a hemisphere, the height of the cylinder being equal to tho 
radius of the common base, is lowered m tho sea until the water 
occupies the whole cvhnder The height of the water baro¬ 
meter IS 32 it. and tho sp gr of sea-water is 1 02.5 Find the 
depth of the wator-Ievol inside the boll below the surface of 
the sea 

9. A small piece of wood floats with two-thirds of its volume 
immersed in watoi expo-scd to atmosphere If this piece be 
introduced m a diving-bell which is lowered to such a depth 
that tho bell is half hllod with water, find what fraction of the 
solid will be immersed when floating freely Sp gr of tho 
atmospheric <nr is g 


10 A diving-bell in tho shape of a paraboloid of revolution 
of altitude h, is lowered iiiio water with its axis vertical 
Prove that (1) the preiJsuro of the air within the bell vanes 
inversely a.s the .square of the portion of the axis unoccupied 

by water, (2) the height of the water barometei is b if, 

when tlie bell is lowered till its vertex is at a depth b, the 

water occujnes ^th part of the axis 


11 A small hollow .sphere made of thm elastic material con¬ 
tains air of three times the external density when exjiosed to at¬ 
mospheric air. It 13 suspended within a cylindrical diving-bell 
of height 8 ft , which is then simk to a dojith x ft below the 
suiface of water , it is found that the sphere is now one-tenth 
less m volume than when the bell was at tho surface Find x, 
on the supposition that the force of compression duo to the 
tension of the elastic envelope remains practically unaltered. 
The height of the water barometer is 33 ft 

12. A cylindrical diving-bell is lowered in fresh water by 
means of a chain so that its top is at a certain depth below 
the surface. If it be lowered m sea to the same depth, prove 
that the tension of the chain is less than before. 
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134. The principle of suction is used in the construction 
of pumps A partial vacuum is created m a space and the 
external pressure, being far in excess over the internal, 
forces the external fluid in to fill up the space. 

Valves are used in all pumps , their object is to allow 
the fluid to jiass through in one direction and to prevent 
any fluid to pass through in the opposite direction. Gener¬ 
ally, it consists of a smooth piece of metal (or leather or 
oiled silk) closely fitting a hole , when a force is applied, 
no matter how small, it moves and exposes the hole thiough 
which the fluid jiasses, but if the force is applied m the 
opposite direction it shuts the hole too closely to allow any 
fluid to pass through The action of a valve 
in practice, however, is not so perfect, a 
definite amount of pressure is required be¬ 
fore it opens, and there is always some 
amount of leakage. 

135. The common or suction pump is 
used to transfer water from one place to 
another at a higher level It consists of a 
long cylinder AB which dips into the 
reservoir from which water is to be raised, 
at the upper end B, it is connected with 
another cylinder BD oi wider cross-section, 
into which a piston E works between B 
and the point G where the spout S of the 
pump IS attached The piston and the 
junction B (of the two cylinders or barrels) 
are fitted with valves and Fj, both open¬ 
ing upwards The piston rod is worked by 
a lever L. 

To explain the action of the pump let us suppose that in 
the begmning the piston is at its lowest position, viz B, 
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and that the water has not risen in the tube AB Lot the 
piston be moved upwards. As it moves a partial vacuum 
18 created between it and B , the air below B being at 
greater pressure forces the valve Fj upwards, and some air 
passes from the lower cylinder to the upper If the valves 
be perfect and the piston air-tight, as wc shall assume to be 
the case in our explanation and calculations, the quantity 
of air which wa.s confined in AB, occupies greater and 
greater volume with the ascent of the piston, and so its 
pressure (and density) becomes less and less Consequently 
the atmospheric pressure on the external surface at A 
forces some water into the barrel A B up to a certain height, 
Hj (say), ivhen the xiiston reaches (' During this half¬ 
stroke of the ])iston, the valve remains shut, as the 
jnessure on its lower face is less than that on the upper, 
VIZ the atmospheric x>ressuie 

Next, the ])iston is pri'ssed down , the air between B and 
C IS comiiressed, its xnessure increases and shuts Vy Thus 
the au' between B and Hy remains at the same pressure as 
when the piston was at 0 After some time the pressure of 
the air between B and the inston exceeds the atmospheric 
pressure and so o]iens the valve Fj , therefore, when the 
jiiston reaches B, all the air in the iqiper barrel below the 
piston has escaped Thus the eticcts of one complete 
stroke of the xiistoii aic (1) that water rises in the lower 
cylinder (uji to Hy), and (2) some air, originally in this 
barrel, has escaxied and there remains a smaller rxuantity 
at a lesser iiressure (whose value is equal to that at the 
level Hy) 

Similar actions take place m every successive stroke of 
the piston , afti-r the second stroke water rises to a greater 
height the air in the lower cylinder being less in quantity 
and at a smaller pressure than befort' In this manner water 
rises higher and higher m the lower cylinder until during 
the first half of the subsequent stroke water enters the 

o 
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upper cylinder When the piston is brought down to B, 
all the air (below the piston) is expelled, there being now 
some water above the piston itself At the next stroke 
the water above the piston is earned upwards and escapes 
through the spout, whilst more water (from the lower 
barrel) follows the ]iiston up to C, provided its height 
above A does not exceed the height of the water barometer 
The success of the ])ump depends on the atmospheric 
pressure being able to force water into the upper cylinder 
at least, if not up to the level C The height AR of the 
lower cylinder should, therefore, be less than the height 
of the water barometer 

136. To find the distance through which the V'oter rises 
during the nth stroke of the piston, assuming that there is 
some air in the lower cylinder at the beginning of the stroke 
Let and //„ (Fig 75) denote the levels of water at 
the beginning and the end of the nth stroke Let 

AB=a, B(J = b, the cross-section of the lower cylinder = «, 
that of the upper = /f, the height of the water barometer = 
and the weight of unit volume of water We shall 

suppose that the volumes of the valves and the piston are 
small compared with the* capacities of the cylinders 

Firstly, let //„ be in tlie lower cylinder At the beginning 
of the stroke the volume of air in this cylinder was 

{a-x„„,)a, 

and its pressure was w{h -x„_,) After the upward stroke, 
this air occupied the vo]unie = (cr-x„)a-(-5/? and its 
pressure =!(’(fi - x„), viz that at the level //„ Therefore 
from Boyle’s law, we have, after removing the common 
factor 

l{a-x„)a+b(l](h -x„) =[(«-x„_i) aj (A. . .(6) 
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From this equation would he obtained if x^_ j is known, 
and thence the value of ,t„ j or the rise in the water- 
level during the nth stroke 

At the beginning of the first stroke, water was at the 
level A and at the eonimenei'incnt of the succeeding strokes 
it was at //j, H„, . , let AH^=Xy, AH,^=.r^, We can 

obtain, like (0), 

[(a -v^)a^ hji](h- i^)=aah, (7) 

l(a - 3 2 ) a + '>P\ (h-j,^) = {a-3 j)« (h - xq), 
and so on These equations can be obtained from (fi) by 
putting w = l,2, and taking X 9=0 The equation (7) 
gives Xj, the next gives as Xj is now known, and so on 

Secondly, let the level //„ be in the iqqier cylinder At 
the end of the upward stioke water rises to H„ , 
therefore the volume of air ~(a + h -.1 „) ji at pres¬ 
sure w{h -x„) Hence we shall ha\e 
(a+b-x„)p {h-x„)-{a-r„ ,)a.(/i-x„ j). (S) 
giving x„ During the nex't stroke all an is 
expelled and water passes out of the spout as 
has already been stated 

137. The lifting pump is a modification of the 
common pump and is used to lift water to a 
high level, the distance depending on the strength 
of the pump 

In this pump the top of the iqqier cylinder 
is closed and the ])iston rod, T, works through 
a hole (in the lid), which it fits closely so as to 
be air- and water-tight The spout is fixed to 
the cylinder just below its toji and consists of 
a long vortical tube of sufficient length with an 
outlet above , there is an additional valve, I'j, 
fitted at the neck of the spout, opening outwards 
from the cylinder 
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The behaviour of the air and water below the piston is 
the same as in the common pump We have, therefore, to 
consider the action above the piston As it is moved up¬ 
wards during the first stroke, the air between it and D is 
compressed and so opens the valve F 3 , whilst the valve Fj 
is kept shut When the piston arrives at D all the air 
(in the barrel) above it has been expelled through the 
spout During the downward motion vacuum is created 
above the piston , therefore F 2 opens and the air m the 
upper cylinder passes from below the piston to the upper 
region, the valves F 3 and Fj remaining closed This 
action is repeated during several succeeding strokes till 
water enters the upper cyhnder and remains above the 
piston when the latter is at B During the next upward 
stroke all air is expelled and water enters the tube CS, its 
level rising higher and higher at every sub¬ 
sequent stroke 

138.'The forcing pump is another modi¬ 
fied form of the common pumi), and enables 
water to be forced up to any height pro¬ 
vided that the machine is strong enough 
In this pump there is no valve on the 
piston, which has a solid base fitting the 
cylinder BO tightly The spout is fixed at 
the bottom B, and consists of a long vertical 
tube as in the lifting pump, having a valve 
F 3 at its mouth opening inwards 
We need not consider the action in the 
lower barrel AB, which is the same as 
described in Art 135 During the down¬ 
ward stroke the piston drives the air (or 
water, or both as the case may be) between 
itself and B, through the valve F 3 into the tube S, the 
valve Fj remaining closed during this action During 
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the upward motion, Fj opens while- F 3 remains closed, 
thus allowing air or water from AB (but not from S) to 
enter the upper barrel. 

139. There will be flow through the tube 8 of the forcing 
pump during the downward stroke only of the piston In 
order that the flow be continuous 
the water is first led from the 
upper cylinder (which is not com¬ 
pletely shown in Fig 78) into a 
chamber F partially filled with 
water The spout 8’ leads nater 
upwards from this chamber to the 
required height, its lower end 
being at a sufficiently low posi¬ 
tion within the chamber 

When the piston moves downwards the water is forced 
into the chamber and then into the tube 8' So there is 
flow of water during this half-stroke , the air m the 
chamber is also compiossed at the same time When the 
piston moves upw'aids, Ihe pressure caused by the piston 
IS released, the volume of compiessed air tiies to expand 
and thus forces some water (from the chamber) up the 
tube 8'. 

140. The fire-engine is essentially a forcing pump with 
an air-chamber desciibed 111 the last article There are, 
how'ever, two uii^ier barrels, each being provided with two 
valves such as Fj and Fj, and a piston working in it The 
two barrels cominumeate with each other below the valves 
(Fj) so that the machine can work with one lower cylinder 
only. The pistons are worked in such a manner that when 
one goes up the other moves down 

141. To find the, tension of the piston rod. 

Assuming that the piston moves uniformly during the 
major part of a half-stroke, we see that the tension of the 
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rod 18 such (in magnitude and direction) that it would 
balance the pressures on the upper and the lower sides of 
the piston Even this value is only approximate, because 
the effects of the forces like giavity, friction of the sides of 
the barrel are not taken into account 

For example, consider the value of the tension when the 
piston moves upwards, there being some air in the cylinders 
Let the water level be at H„ and All„ — x„ (Fig 75) 
Pressure of the air on the under side of the piston 
= a' X pressure of the air underneath 
= a' w(h-x„), 

where a' denotes the area of the piston. 

And pressure on the upper side 
= «' v'h 

the tension i.s npward.s and = a' in magnitude. 
^THE AIH-PUMP 

142. Air-])um])s are used either to remove air from a 
vessel or to add .some air to it Tho.se lielonging to the latter 
class are generally called condensers, whilst the name air- 
pump IS re.stricted to thu.se of the former typi' 

Smeaton’s air-pump consists of a 
cylinder CB in which a piston, E, 
works, there are three valves all 
opening iipward.s, Lj at the ba.se and 
P 3 at the top of the barrel GB, the 
third, V 2 , being fitted to the piston 
Below B runs a tube A which con¬ 
nects the pump to the vessel (or 
receiver) M which is to be emptied of 
air The pi.ston rod works through 
an opening at the top of the barrel, 
which it fits closely The different 
parts of the insti ument are made as air-tight as possible 
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'Ihe range of the piston, t e the digtance through which 
it moves up and down, is generally taken, for calculations, 
to be the whole length of (JB , though in practice it is a 
little less, there being some “ clearances left on both 
sides. 

Suppose the piiinj) commences working when the piston 
18 at its lowest jiosition, viz at B As it is moved up, the 
partial vacuum created between the piston and the end B 
causes the valve I’, to open , the air in the receiver and 
the tube A expands occupying the additional volume BG 
when the piston reaches its highest position, viz C It is 
clear that this quantity of air is now at a common reduced 
pressure (or density) During this operation the air above 
the piston is comjues.sed, therefore the valve 1^2 remains 
closed, while Tj opens and lets out the air above the 
piston 

During the downward stroke vacuum is created between 
C and the piston , consequently the air underneath forces 
F 2 open and passes above When the ]>iston reaches B all 
the air in the cylinder has ^lassed (through F^) above the 
piston The valves F^ and F, remain shut, since, in the 
first case the atmosjiheric pressure is greater Ilian that 
within and, m the second, the air between B and the 
piston (being compressed) is at a greater pressure than the 
air in the receiver 

Thus, the effect of one complete stroke of the jiiston is 
that the pressure (and the density) of the air in the receiver 
is reduced ; the volume of air now occupying B is the same 
as before and therefore its mass must be less Iliis is 
repeated at every succeeding stroke, till the pressure in the 
receiver is sufficiently reduced, or is diminished to such an 
extent that it is unable to lift the valve 


143. Hawksbee’s air-pump (single-barrelled) is the same 
as the preceding, except that the top of the barrel BG is 
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kept open. Its action can easily be explained. This pumj) 
18 also constructed with two barrels (like the fire-engine), 
the piston working in the one going down whilst the other 
is moving up. 

The advantages of Smeaton’s pump over a pumj) of this 
type are (1) that the pressure above the piston in the 
former pump, bemg much less than the atmospheric pres¬ 
sure which acts on the upper surface of the piston of the 
latter, makes it easier, after a few strokes, to lift the piston 
during the greater part of the upward stroke, and (2) that 
for the same reason the valve opens much more readily 
in the former pump than m the latter Thus the exhaus¬ 
tion of the receiver can be carried to a greater extent by 
means of the Smeaton’s pump 

144. To determine the density (and pressure) of the air in 
the receiver of an air-pump (Smeaton’s or Hawksbee’s) after 
n complete strokes of the piston 

Lot V be the volume of the receiver,* v that of the 
barrel BC, q the den 8 it 3 '^ of atmosj)heric air (i e initial 
density of air iii the receiver), and pj, pj, . p„ . denote 
the densities of air in B after 1,2,. n, . complete 
strokes. 

After the first upward stroke, the volume F of the air in 
the receiver has increased to V -rv 

.'. its mass = Fp = (F-(-v)pi, 

V 

or ei“v>— • P 

V+ v ^ 

During the downward stroke the density of the air in the 
receiver is unaffected After the second upward stroke 

♦ Strictly speaking, this should include the volume of the air in 
the connecting tube A But the latter is generally very small 
as compared with the capacity of the receiver , hence its effect may 
be neglected in practice 
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the volume V of air m the receiver (of density has 
increased to V i-v 


or 

And so on 


its mass = 7^1- 



In this manner we shall obtain 


n 


n 


< 



(9) 


It follows that tin subsequent pressure p„ (in the receiver) 



( 10 ) 


where 11 is the atmospheric ]>res.sure [Cf Art 101 ] 

The result (10) tan also be obtained mdependeutly Let 
Pi’ Pit J'ri • denote the pressures in the receiver after 
1,2, V . strokes and let the original ])iesMiie be II 
By Boyle’s law, |[p=Pj(r + y), 


And so on as befoie 'J'hus 



The forms of and j>„ show that these would be zero if 
n be mfinitc, i e even thet>retically a perfect vacuum cannot 
be obtained by this jiunip 

145. Tate’s air-pump consists of two pistons D and E 
(Eig SO) rigidly connected together, which move up and 
down in a cylinder (or barrel), CAB, being worked by a rod 
11 passing through an air-tight collar at C There are two 
valves, T’l and V^, both ojiening outwards At the middle 
of the cylinder is a tube A which joins the jiumj) to the 
receiver The distance BE is slightly le.ss than half the, 
length of the barrel, so that when E is at B, D is just below 
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the passage A When the pistons are moved up to C the 
air between D and C is driven out through V.,, there being 
vacuum below E till this part of the barrel is 
brought into communication with the receiver, 
thus allowing the air m the receiver to expand 
and fill the sjiace EB as well The motion of 
the pistons is then reversed, the air between E 
and B is driven out through Fj and the leniain- 
ing air m the receiver exjiaiids into the up])er 
half of the bariel (where a vacuum was created) 
In this nianiuT by every u])waid or downward 
motion of the i>istons the exhaustion is carried 
on 

It should be noted that this air-])uni[) con¬ 
tains neither the yiiston-valve nor the valve 
leading to the receiver , for this reason it can jnnduce a 
greater degree of exhaustion than Smeaton’s air-ymmp 

146. None of the aforesaid ymmps can yiroduce a very 
high degiee of exliaustion as is re((iincrl in tlic globes of 
electric lamyis or some other ay>])aratusc.s It tlien becomes 
necessarj^ to use a ymni]) surh as Sprengel’s air-pump Aftei 
the vessel is cxhau.«ted to a ceitain extent with the help 
of the oidmary air-ymoips, it is connected to this air-pumyi 
for further exl'austioii 

This ymmyi consists of a long veitical tube having a i uyi 
at its iiyiyier end and a stoyi-cock a litth* below the cuyi Its 
lower end dips into meicury contained in a vessel At a 
short distance below the stoyi-cock the tube blanches out 
into another tube leading to the leceivei 'fhe length of 
the vertical tube is such that the height of the junction 
(with the second tube) aboxi' the meicury m the vessel is 
greater than the height of the mercury barometer The 
cup IS also filled with mercury, and the liquid is allowed to 
run down the tube At the junction there is air which 
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comes from the receiv'er, and as m.eroiiry passes through 
this junction it breaks into drops, encloses a little air 
underneath it (below this point) and carries the same along 
these drops of mercury are separated from one another by 
small bubbles of air which escape into the atmosphere 
through the external surface of the mercury in the vessel 
The air from the receiver is thus withdrawn The upper 
cup IS never allowed to be empty 

Mercury rises in the tube as the pressure in the receiver 
diminishes When the exhaustion is complete, mercury 
drops do not carry air along with them and so fall with 
a metallic sound 

147. The Air-condenser consists of a cylinder AB (ojien 
at the top) into which works a piston E At the end B of 
the cylinder is a valve Fj which opens 
outw'ards Tlie piston is supplied with 
another valve Fj opening downwards 
The pump is connt'cted to the vessel 1) 

(or the receiver), into winch air is to be 
jmmped, by a tube below the valve F,, 
which IS fitted with a stop-cock B 

Suppose the receiver D to be full of 
atmospheric air and tlie prston at its lowe.st 
position, VIZ B When the piston IS moved 
upwards Fj shuts, but Fg opens owing to 
the creation of a partial vacuum between 
B and the piston Thus no air from D 
can escape (even when the stoji-cock is 
open), whilst the atmospheric air from 
above fills the space below C. When the 
juston reaches A, its highest position, the barrel from B to 
A IS full of air at atmospheric pressure During the down¬ 
ward stroke this volume of air is compressed, causing the 
valve Fj to ojien and Fj to remain closed This volume 
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of air 18 completely forced into the receiver when the piston 
comes again to B Thus, in every oorajilete stroke of the 
piston, a quantity of air, which would fill the cylinder A B 
at atmospheric pressure, is forced into D 


148. To find the deiifiity (and pressure) of the atr in the 
receiver after n strolces of the piston 

Let V and v be the volumes of the receiver and the 
cylinder AB , also let q, q„ be the densities and IT, p„ be 
the pressures of the atmospheric air and the air in the 
receiver (after n strokes) In n strokes a quantity of air 
has been added to the original quantity in the receiver, 
which W'onld occupy a volume nv at the atmospheric 
pressure Therefore the mass of the additional air is nVQ, 
and the total mass is (V +nv)Q But this occupies now a 
volume V and its density is 

y&n = (V + nv)c, 


or 

It follows that 


V +nv 

Qn -y~' 

V +nv 
=— 


Q- 


II 


( 11 ) 

( 12 ) 


The last result can also be deduced in another way Let 
Pj, p 2 > • • til® pressures in the leceivcr after 1, 2, .. 
strokes. At the end of the first upward stroke the volume 
of the air in the receiver and the bairel was V + v and its 
pressure Tt After the first stroke this quantity occupied a 
volume V Therefore its pressure pi is given by 

PxV={V+v)\\ or p^ = ^y^-U. 

At the end of the second upward stroke, the volume of 
the air in the receiver was V at pressure p^ and that m the 
barrel was v at pressure Tl After the completion of the 
second stroke, this quantity of air occupied a volume F at 
pressure pj 
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by (23) of Art 106, 

p,F=2JiF + lIv = (F +t')n H Hr; 


And so on 


F+2e 

Vi = -y 


n 
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149. Manometer or pressure-gauge. In Art 97 has been 
described a manometer for measuring pressures It is 
obvioii.s that to measure very low pres.sures the length of 
the arm BC (.see Fig 63) .should be slightly greater than the 
barometric height , and that to measure high pre.ssures 
even this length would not suffice A modification of the 
apparatu.s is therefore used for high prcssuies 'The end D 
18 closed so that there- is some air above mercury whose 
volume (or length if tin- tube is iinifoini) at atmospheric 
pressure is known When -4 i.s joined to a receiver con¬ 
taining gas at a high juessiire, mercury in BC falls to E 
(say), whilst that in 67) rises up to F Now the pressure 
of the enclosed air in the tube CD cun be calculated by 
Boyle’s law , since the length FD (and therefore the volume) 
of the air is known , let this piessure be p Then the 
pressure in the leceiver 

— the pres.suie at the level E 
= pressure at the level F+wt of the column EF 
=p + IV EF, 

w denoting the weight of unit volume of mercury 

A horizontal tube (closed at one end) with a drop of 
mercury enclosing a given amount of air near the closed 
end IS sometimes used as a pressure-gauge The open end 
IS connected with the receiver when the drop moves, com¬ 
pressing (or otherwise) the enclosed air In the position of 
equilibrium of the drop the pressure on its two ends is 
equal, whence the pressure in the receiver can be calcu¬ 
lated 
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Low pressures are also measured by a siphon gauge,, 
which IS the same as described in Art 97, with the excep¬ 
tion that the end D is closed and that there is vacuum 
above mercury in the tube CD 


150. Ex 1 In a common pumj), if the water just enters 
the upper cylinder during the second stroke, prove that 


where the letters have the same meaning as in Art 136, 
and n = fija 

Let ajj, ajj denote the heights to which water is raised 
during the first and the second strokes; here is given 
to be a. From the equation (7) and the next of Art 136, 
we get 

[{a-x^)+ nb\{h-Xi)-ah, . . . (i) 

and nb{h-a) = {fl-t^){Ji-x,^) , , (a) 

From (i) and (ii), we get 

nh {h - a) + nb (h - aij) = ah, 
j ah ,, , 

or h-x^=^^^~(k-a) . 


-x,-f^-2[h-a) 


Substituting these values in (ii) we get 


nh(h -a) = 


ah 

nb 




whence the desired result follows after expansion and re¬ 
arrangement 


Ex 2 If c be the length of the barrel in a Smeaton’s 
air-pump, a the distance of the jiiston in its highest position 
from the top of the barrel, b the distance in its lowest 
position from the base of the barrel, and fl the atmospheric 
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pressure, show tliat the pressuic of the air in the receiver 
cannot bo less than 

ah 

(c -a)(c-b) 


Let DL denote the range of the ])ihton , tlien 
CD = a Let the cross-scetion of tfie l)arrel be 
volume of the receiver bo F, the pressure of air 
in it bo p and that of the air in the ban el be 
after some stroke s , also lot the ])iston be at L 
at that time It .s clear that jiressiircs of air on 
both aides of the ])ision are the same, since during 
the preceding downward motion the valve I'j was 
open, cstaljli,ailing communication between the 
two parts 

During the next upward stioke let the ralre Fj 
open* so that the air in the receiver and the 
barrel (below tlie pi.ston at D) assumes a pressuie 
P' i<P) 

liv (23) of Art 100, 


BL = h, 
a, the 



pV p■^l>a — \V + (c - a) it\ p’ 


Since 7 ;!^ >p'Ik we have 

Pil>a< (f -a)(ip', 


01 



(>) 


At the same time the air above the piston is compressed , 

let the compression be niiffirienl to open Ike valve T,, thus 

allowing some air to escajie and the lemainder (which 

occupies the length CD or a) to assume the atmospheiic 

yiressure 11 Since the amount of air is less than before 

(ef Art 101), ^ IT 

' p^(c-b)a>aa H, 


The opening ot tlie valve*- is neressmv for ilie jiioper woikin^ 
of the puini), i c foi the tuitlitr e\}iHns(nni oi the reieiAor 
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or 




. n 


(11) 


from (i), 


P > 


ab 


(c -a)(c- b) 


n. 


This shows that the pressure in the receiver cannot be less 
than the right-hand side It follows that the density of 

the air within the receiver cannot be less than - - 

times the atmosjiheric density ' ^ 

Ex 3 In a common pump, it the piston does not go 
home up to the lower valve of the barrel, prove that no 
water can in general be lifted into the upper cylinder 

unless the range of the piston is greater than where a, 
b, h have the same meaning as in Art 136 

Lot c denote the distance between the 
lowest position C of the piston from the 
lower valve ? e let BC = c , also let H be 
the water level at the beginning of a certain 
stroke, AIJ being x The volume of the air 
from II to B is at pressure (h -x)w and the 
volume from B to C at hiv , since during the 
previous downward stroke Hie piston valve 
was opened allowing communication between 
the air below the piston and the atmosphere 
Let the valve Fj open (see footnote, Ex 2) 
during the next upward stroke, the above- 
mentioned volumes of air expand and occupy 
the volume from D to the water level, which 
18 now at H' (higher than H) Its pressure 
IS now {h -x')w where AH' = x' 

by (23) of Art 106, removmg the com¬ 
mon factor w. 




V, 


H 


Fio 83 


(h-x) . {a-x) a + h cfi = {h-x') [(a-x')a+bp], 
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a, jS, w are as m Art. 136. 

But {h-x){a-x)a>(h-x'){a-x')a, 
since x'> X. Therefore 


hc(}<{h-x')bfi , 

x,^Hh-c) hy 

b b 


. (ui) 


where y = b- c = CD denotes the range of the piston 
This shows that water cannot rise higher than hylb , in 
order that water m.iy (at least) just enter into the upper 
cylinder we must have 

hy , . ab 

^- > a; or a, whence J/ > -^ ■ 


EXAMPLES. 18. 

1. The lower valve of a common pump is 27 ft above the 
surface of water m a well, and the area of the cross-section of 
the upper cylinder is twice that of the lower If the length of 
the upper cylinder be 38 ft , find how much water rises at the 
end of first and second strokes, the height of the water 
barometer being 34 ft 

2. If the common pump of the last example be used to raise 
petroleum (sp gr 0 85) from a well, find how much liquid is 
raised at the end of the first stroke 

3. Water is to bo pumped up from a well m which there is 
water at a depth of 10 ft from the ground-level. The base of 
the upper barrel of the pump is at a distance of 2 ft above the 
ground, the length of each stroke of the piston is 1 ft , the 
ratio of the cross-sections of the two barrels is as 12-1, and the 
atmospheric pressure is equal to the weight of a column of 
32 ft of water Show that water enters the upper barrel 
before the completion of the second stroke 

4. Find the ratio of the volumes of the receiver and the 
barrel of a condenser if, after nine strokes, the pressure in the 
receiver increases to four times its original value. 

5. If the volume of the receiver be ten tunes as large as that 
of the barrel of an air-pump, find the number of strokes that 
must bo made before the pressure inside the receiver becomes 
less than one-fourth of its initial value. Given log 2 = 3010, 
log 11 = 1 0414. 

S IT. 


P 
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6. In a Smeaton’s air-pump, find the position of the piston 
during the {n + l)th ascent when the highest valve just begins 
to ojien. The weight of the valve is to be neglected. 

7. If the upper valve of a Smeaton’s air-pump, which is of 
negligible weight, opens when the piston is Jths of the way up, 
find the density of the air in the receiver before the ascent. 

8. The mass of the air in the receiver of an air-pump is m 
at the beginning, and it becomes m' after n complete strokes 
of the piston. If V and v denote the volumes of the receiver 
and the barrel, prove that 

_ log m - log m' 

~log(F -tv) -log V 

9. A condenser and a Smeaton’s air-pump have equal 
barrels and a receiver is simultaneously connected to both, 
the volume of which is 20 times that of each barrel. If the 
condenser be worked for 20 strokes and then the pump for 14, 
show that the density of air m the receiver is nearly the same 
as originally Given that log 2 = 3010, log 21 =1 3222. 

10. Air is being uniformly forced into a receiver by a con¬ 
denser , the receiver is fitted with a gauge which consists of a 
drop of mercury in a fine horizontal tube closed at the farther 
end. If A be the position of the mercury drop when the air 
was uncompressed, B the closed end of the tube and C the 
position of the mercury after some complete strokes, prove 
that the ratio AC CB increases m an arithmetic progression. 

11. If the piston of a Smeaton’s air-pump can move through 
a length c of the cylmder while there are clearances at the top 
and the base of lengths a and b respectively, find the pressure, 
after two strokes, of the air in the receiver (whose volume is 
n times that of the barrel 


12. A cylindrical vessel whose height equals that of a water 
barometer is three-quarters filled witli water and fitted with 
an airtight lid. If a sijihon be inserted through a hole (in 
the lid) which the siphon fits closely so as to be watertight, so 
that its highest point is m the surface of the hd, and the end 
of its longer arm is on a level with the bottom of the vessel, 
prove that one-third of the water may be removed by the 
action of the siphon 

13. Show that the pressure p of the receiver is given in 
terms of the height x of mercury in a compressed air mano¬ 
meter by the relation 


p =wx 



+ P. 


a 

a -x’ 
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where a is the height of the tube cont^uning compressed air, 
k its cross-section and x the height of mercury in it; also, K 
IS the cross-section of the other tube leadmg to the receiver, 
P the atmospheric pressure and w the weight of unit volume 
of mercury. The quantities a and x are measured upwards 
from the point at which the mercury level m the former tube 
(of the manometer) stands when tVie instrument is exposed to 
the atmospheric pressure 

14 The volumes of the receiver and the barrel of a Hawks- 
bee’s air-pump are E and v respectively, and P is the atmos¬ 
pheric pressure , jirove that the woik done in slowly raising 
the piston during thi. (n -)-l)th stroke is 

the forces of gravity being neglected 

15. In a condenser the piston can only work through a 
length a, the distance of the piston in its lowest position from 
the lower valve being b Show that the density of the air in 

the receiver cannot exceed —^ times the atmospheric density 


16 In a Hawksboo’s air-jminp, A and B denote the volumes 
of the receiver and the barrel and C the volume of the part of 
the latter untraversed by the piston (t e the clearance is of 
volume C) Show that the density of the air in the receiver 
after n strokes of the piston is 


C 

B 



times the original {t e atmospheric) density 

17. If the jiiston in a JSmeaton’s air-pump does not traverse 
the whole length of the ban el, but loaves a clearance of volume 
C at the bottom and another of volume C" at the top, show 
that the density in the leceiver after n strokes of the piston is 
given by CC^ 

Qn - /F‘0 =(B -C)(II~ir)*^ “ P’ 

AB+BG-CC 
where B(A + B-C')’ 


A, B being the capacities of the receiver and the barrel respec¬ 
tively and g the density of the atmospheric air Deduce the 
limiting value of the density 
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18. In a Smeaton’s air-pump show that the tension in the 
piston rod at the instant when the uppermost valve begms to 
open during the (n -l- l)th upward stroke, is 

pn+it) 

times the atmospheric pressure where V, v denote the volumes 
of the receiver and the cylinder, a the cross-section of the 
V 

piston and u = - ' ' ' ■ i *■> 

V + v 
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EXAMPLES. 1. 

1. Not more than 345^ ft. 

2. 2093^ Ib.s weight 4. 

* m + n 

6. iggdnin + 1). For the second part put q = Xd where /[ is 
some constant before proceeding to the limit. 

8. Surface of separation is on a vertical arm at a height 1J in. 

9. 3jj^ m. , 17|^ in 

10. The heavier liquid occupies the cyhnder of height a, and 
a length of the other 

e-Q 

12. tan-H: tan-12. 13 tan-i[i(8 + V2)] 

14. The pressure must balance the component of the weight 

15. Utilise the property that the product of the abscissae of 

the extremities of a focal chord =o*, 4a being the latus 
rectum. 

EXAMPLES. 2. 

1. 2,600,000 lbs weight. 

2. OOl^jj lbs weight ; 605’,5 lbs weight 

3. The ratio =3:1 

4. 10 96wah^, where a is the breadth, 3h is the depth of the 

vertical side and w is the weight of unit volume of 
water. 

6. \ times the original pressure. 

7. The maximum (or minimum) thrust occur.s when the 

centre of gravity, ff, is vertically below (or above) A 
The ratio + AG h-AO. 

8. — ° times the weight of the water contamed 
Vl6tan*a + 1 
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9, - = times the weight of the hqmd contained. 

V73 

10. Let A be the vertex and BC the base , from AB cut off 

AD = ^ of AB, and draw DE parallel to BC. 
v2 

13. Since the diagonal AC divides the area into two equal 

triangles, the thrust on the lower is clearly greater than 
that on the upper , the required line must be below AC. 
From DC cut oft DE = IDC , join AE. 

QOd^ _ 

14. On each of the upper faces, v 6 , on each of the lower 

faces Ve. 

J 2i 

15. The chord will be J of the radius below the centre , 

50V6 81:t:. 

16. The required depth h' is given by wa^h'^(Zh-h')—ZWh*, 

w being the weight of unit volume of water 

18. —, upper half, ggaft*, lower half, 

(n + + 1 ) where a is the breadth and h the 

height of the vertical side 

19. Draw lines at distances Vljn, Vijn, V'iln, . times the 

height of the rectangle, from the top 

20. Draw radii OA^, OBi , OB^ , , each pair equally 

inclined to the bounding diameter, at angles 0i> ®a> 

respectively, where sin ^ = V ^ . «in \l- ; etc. 

Z'n 2 ' n 

22. There will be two positions of the tetrahedron A BCD, 

the edge AB being horizontal , m the first D is the 
highest vertex ; and m the other, C. The tetrahedron 
can be brought from one position into the other by 
turning it about AB 

23. Utilise the condition that the depth of the centre of 

gravity is constant 


EXAMPLES 3 

The depths of the c p are the following 
2. j ^ depth of the upper side 
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S. Same as Q. 2, putting d =/i, and 6 =h, 

2 ®(2/ii+I12)+6(21i3+/t,) 

5 1 d‘-6* 

i. The force = Jo’ x the weight of unit volume of water. 

i. The distance of the line from the surface is — \ i tunes 
the vertical side 2 

1. 4 (51/2-7) 3. The depth of water within the vessel is 
^ 1 - times an edge. 

'2' (a>+a/S + /12)~(y» + yd + ^“2) 

EXAMPLES 4 

. F = * 3:t(a« + 46 ^) + 32o6 
4‘ 4o + Snb 

• ^-2-4dT3li6> i^asinQ 1 3 Y = 

. Y + ~ sin^d , coa^O. 

in in 

,,y, b' 3ji6' + 16h' , „ 

~i ' ib'^+'inV ^ centre, 6 is the semi- 

conjugate diainetei and h' is tlie distance of the centre 
from the surface, along this lino 

„ 2 lOh'^ ~\5kk+Qk‘‘ u , 

■ t =g- ih^3k -’ distance of the 

boundmg chord from the vertex 
, y= (71 + 2 ). 

16V2 ' 

y a b ^ j being the radii 

16 o’-o’ “ 

With reference to the asymptotes as axes, 


2(yi-yi) ^yi 
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Y = i( 2/2 +?/i). where j/,, y-i are the ordinates of the two 
horizontal lines. 


,, a 64 - 1671 
24’“4~^‘ 


13. Utilise the last result (m italics) of the triangle. Art 34 , 
also, tan A +tan B +tein C =tan A tan B tan C. 


14. 


23 

I2V3' 


15. 6in“^ 


2W 

W" 


tan“‘ 


3W 

2W' 


and tan~^ 


3W 

W'' 


according as the box 


is tilted about one of the edges perpendicular to the 
edge just below and the edge parallel to the line of 
hinges, where W is the weight of the lid and 'W' that of 
the water contained in the box. 


16. . I; evaluate first the pressure on the portion in 

contact with the fth liquid and also its moment about 
the top Then find the sums. 


17. 


(1) 


a* b*~lGh}' 


( 11 ) A’ + 


UT) “V 85 “) ’ 


with reference to horizontal and vertical axes through 
the fixed centre 


18. X =1 (sin 6 +COS 6), 

„ _a a(4 - 6 sin fl cos 0) + 66(sin 6 - COB 6) 

~6 ‘ 26+ 0 (sin fl-cos 6) 

with reference to horizontal and vertical lines through A 


EXAMPLES. 5. 

2. 4-71:4 + 71. 3. 66—710-66 + 710. 4. 6 cm. 


- 28 tan®a + 1 

leWoTi ^ 


and 


48 tan'o 
16tan*a + l 


where W is the weight of the liquid contained. 
6. tan 0 = 2 . 
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1. Jtuo’ + n^ 

2. The thrust on a lower part is three times that on an upper 

3. + 6“, whore lb the height of the cone. 4. Juia*. 

VTlT 

5. -g r being the radius of the base and h the height ; 

the two thrusts aie equally moliiied to the horizontal. 

6 Vertical thrust on one half = -; 5 rpjio 6 c, 

horizontal tliiust = gqnah Va® cos^a + 6“* sin®a + 

The tangent ut the highest point is horizontal ; the 
first teim within the bracket gives the depth of the 
centre below this tangent. 

7. Vertical thiiist = ^ira®u>, to denoting the weight of unit 
volume ot watei Horizontal thrust 


= - Icos“’ ^^ + lwy/a^ -yi‘ . (2a® + yi®), 


where (depth of oil) satisfies the equation 

y® - 3a®y + o® = 0. 

8 Find horizontal com[)onent perpendicular to one of the 
given plaiipb, and another component at light angles to 
the former 


10. The fluid thrust on the whole solid is given by Art. 40 , 
this is the resultant of the fluid pressures on the plane 
face and on the curved surface The former is known 
by the rules of Chapter 111 ; hence the latter can be 
easily determined 


11 


13. 


V1 fir® 4- 7 i®A®, acting in a direction making tan“® 
with the upward vertical 
Inclination is tan“®(3v3) to th® upward vertical 



j EXAMPLES. 7. 

-Wi 

2. <7 On being the density of air at the earth’s 

“ 2Vggi,+ 29-10 

surface _ 

7 OH.which lb parallel to the base m this case,mustbevertical. 



234 HYDROSTATICS 


8. Increased. (See Ex 3, Art 54 ) 

9. Increased by the weight of the volume (v — V) of water. 

10 . JJ. 11. 6 Us inches. 

13. OH will be parallel to the other side (or diagonal) 

15. 6 . •v'7~5 inches. 16. 1 2, by volume. 

17. The cyhnder rises after water is added. 


18 




1 


of the axis. 


19 Rises through a quarter of its length. 

22. Less by j^J^gth part of the original volume. 
s 


1 -■ 


24. 


1 -- 


os 8-5-^2 
28. — 


Sctu 

^3aTT 


31, X}. 


33. , will be the velocity with which the candle burns if x 

denotes its length 

34. The rods are not at right angles, the angle between them 

18 acute. Let D, E. F be the middle points of A B, BC, 
BD Then D would he on the surface of water and the 
vertical line through D would divide (at right angles) 
FE in the ratio 2 1 


35. Tension = Jth of the weight of each rod. 

36. OH IS periiendicular to FK whore F, K are the middle 

points of the poitions momeised , and 

FH . HK = BK . BF. 

Therefore FG^ - KO^ = FH^ - HK^, 
whence the result can be deduced. 


37 Let H' be the c g of the portions above the liquid and H 
that of the portions immersed. Then OHH' is a straight 
line ; so that OH' is perpendicular to FK where F, K 
are the middle points of the portions above the surface. 
Utilise some result of the last question and the trigono¬ 
metrical formula {m -tn) cot 6 =m cot a ~n cot p. 
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40. Utilise tho results (1) that the o £? of a segment of 
parabola lies on the diameter BV bisecting tho bounding 
chord PQ at V, and divides BV m tlie ratio 3:2; 
(2) that the area of the segment = ^ sin 0 BV . VQ 
where 0 is the angle between PQ and the diameter. 

41. The first is symmetrical with one diagonal vertical and a 

portion of it (equal m length to half of a side) immersed. 
The other two are unsymmetrical, with an adjacent 
corner on the surface. 


42. Work done by gravity =2ITwhere W denotes 

the weight of the cone Work done agamst the fluid 
thrust can be found, by calculus, to be 


A* 


Wdx or 


nSJTft. 




Equating and simplifying, the result follows. 


EXAMPLES. 8. 

2. Parts of concentric spheres 

3. Let EP be the line of floatation when AB is vertical, all 

lines of floatation pass through the middle point K of 
EF Next, take the line through K parallel to AB as 
the y-axis and the origin the c g. of the area immersed 
in this position The c g of the area immersed in any 
other position will be found to be given by * =Cj tan 0 
and !/=Cjtan“6, where c,, are some constants and 0 
the angle between the line of floatation and tho .c-axis. 
Eliminate 0 for the curve of buoyancy. 

4. Area cut off by the chord of floatation = constant Let 

{x', y') be the coordinates of the middle point of the 
chord, and = 4aJ bo tho parabola , the above area 

^r- 


Smce this is constant. 


would be given by 

4(13;'-■ = constant, which gives the equation of the 

locus of (x', y'), or the curve of floatation For the 
position of H, see Q 40 of the last series 


EXAMPLES. 9. 

1. HM , stable (l 

iha 2k* e \ Qj 

2. HM = ^ , stable if h>2a 

jTia 
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3. (i) HM = Vff ; stable if + 1 > (li) Replace h by 

q ^J- 

a m the last results (iii) HM = 4 .% cos‘d + 0 ® sm^fl); 


stable if b‘ cos^O + sin*fl > 
4a® 


(f.-) 


li®. 


h‘ 


4. {i)HM=^^^, stable. (ii)HM = J\ ; stable if/i > 26 

oJio Jtto 

5. HM =~ neutral. 

4 2o + c 

6 . Find the maximum value of-^1- 

t. HM = 2a-, HO=^l{h-h') ^ 


8 . (i) HM=^^ where q is the sp gi. of the liquid; stable 

lu(T 

also if - > — but less than unity 

n n 


9. 


{11)1/ C<iQ, 


^. stable if - > Secondly, 


il a >^gbut< Q, stable if - < jj. HM = 1 - 

Wad ® ^ 

IFa +wh' 


12. See Ex. 2, Art 70 , only the symmetrical position possible 
Since the sp gr > A, the plane of floatation is a rect¬ 
angle whose breadth is>Ja and length—6, where a is 
the length of a side of the base and h is the length of 
the prism. Thus, the maximum value of x{a - x) 
occurs when x is least, i e a: = |o. 

16. Vertical angle should not exceed 90°. 

17. Stable if the c g. of the buoy lies below the base of the 

heimsphencal portion. 


EXAMPLES. 10. 

dp Ao 

3. ^ > mtegrate, put r=a-x and expand m power 

series. 

5. Let C be the fixed point, attraction at P is A . PC ; let 
CD be drawn parallel to the constant force such that 
A . CD =the force. Then the resultant force at P is 
towards D. 
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EXAMPLES. 11. 

Divide the base into thin concentric rings and apply the 
method of calculus 

„ 2Vgh , , 

" > where h is the height and a the radius 


3. The vertex of the cone is on the free surface 

_ofi . tan'*a\ 

V 4j7 

4. The vertex of the free surface should be below the base of 

the I'ossel ISoe Ex 1, Art 85 ) Angular velocity 

_2V^ 


Pressure 
* j tunes the weight of the liquid 


7. 


2fl' 


(See Ex 6, Art. 85.) 


8 . (^3 + 1 




Obtain two expressions for the vertical 


distance between the extremities of the liquid, and 
equate 


10 . 


11 

12 

15 



If 01 = or > "here I is the latus rectiun of the 

generating parabola of the vessel, no liquid can remain 
in the vessel. 


Since the vertex is always below any possible free surface, 
the pressure there is greatest and greater than the 
atmospheric pressure 

A length AD =a'sj 1 - is empty 


16. Pressure at A is least, so it should not be negative. 

17 lap [acu*8in“e+ 2 ( 7 ( 1 -cos 0)], where 0 is the angular dis¬ 
tance from the highest point, the pressure is maximum 

where cos 0 = —a quantity which should be less 
our 

than unity m magnitude. 

18. At the point where the pressure is greatest (see the pre¬ 

vious question) 

19. No liquid will escape if the lowest point be on or above the 

free surface. 
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22 ylloota 

24 The point is gjo)^ above the vertex of the base 

25. If the vortical line be not the tangent, p would denote the 
length of the perpendicular on this line from the centre 

27. Either use double integrations , or find the pressure and 
its moment about Ox, on a narrow horizontal strip and 
then integrate these for the whole rectangle. 


EXAMPLES. 12. 

1. 26^j\ft 2. 841631 nearly. 3. 4. 121 6 c c 

6. The distances from the lower end of the tube are 1 7 cm. 

and 30 8 cm nearly. 

7. \h + lH. 

8 . The fall is the positive root of the equation 

, , 273+« „ 

9. Use the equation (23) 11. 7 in 

13. 26J in , (30 - VO) in 

14. Neglect terms of the second degree in h and the lengths 

required, since they are small; 


15. The level of mercury m the tube will remain at the same 
height above the level m the cistern ; a volume of 
mercury, whose weight is equal to that of the piece of 
glass, would flow out from the tube into the cistern 
The effect of the capillary action is not considered 


17. 


h+aa 
Zh + ao 


a 


19. \a 


20. The condition for equilibrium in a floating position is 
W^V'w<Vw, where V' is the volume of the com¬ 
pressed air in the vessel (or the volume of the water dis¬ 
placed) when it is just completely immersed and w the 
weight of unit volume of water If W > V'w, the 
vessel would sink, because its weight exceeds the fluid 
pressure on it (See Art 40.) In the former case, there 
are two positions of equilibrium, viz (1) when the 
vessel is partially immersed, and (2) when it is com 



22 . 


24. 

27. 


2 . 


5 

7. 

10 . 

11 

12 . 

13. 


14 . 
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pletely immersed (at great depth), the position in each 
case being given by the condition W = V''w where V" 
IS the volume of the water displaced [See Ex 2, Art 
13.3 ] 


The cone is in equilibrium under its weight, the pressure 
of the enclosed gas, the atmospheric pressure and 
the reaction of the vessel acting at points along the 
circle of contact, resolve vertically 


aa{h+J) bp{ a+a) 

ab+ap ab+ap 


25. IWd^. 


Con.sider the equilibrium of the barometer tube , the 
vertical forces on it are (1) its weight, (2) the tension 
of the string, both of which aie constant, (3) upward 
fluid th.-ust due to mercury (at the base), and (4) down¬ 
ward pressure duo to atmosphere (on the top) The 
horizontal pre.ssures need not be taken into considera¬ 
tion 


EXAMPLES. 13. 

9 9 miles nearly. 

p'(^,) if p' bo the pressure at the lowest point 
4850 ft 9 

Take the pressure at the free surface of the atmosphere to 
bo zero 

Take ^ =kT, and = - A It can be shown that for the 
Q dz 

value f of A, = 0 
k dz 


The constants may involve the height of and the tem¬ 
perature at the lower points which are regarded as fixed 

Since the diameter of the cross-section of the tube is small, 
p IS constant m the same vertical line within the tube, 
also, temperature is assumed to be constant, .. p =kQ 
See Q 1, and the equation (2) of Art 72 , also the 
method of treating the rotating liquids. 

Fmd the velocity of the pi.ston generated by the impulse , 
then apply the principle of energy and work See the 
result (33) of Ex 2, Art 112. 
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2. Gold, 00028 cu. ft , silver, 00062 cu ft 3 f. 

4. Volumes are as 36 37 , the masses are as 490 481 

6. Greater, since it displaces a greater volume of air 

7. Gold, 31,^ gr , diamonds, 7'^5 gr , rubies, 6 gr 

EXAMPLES. 15. 

1 . 5 grammes 2. 0 8 

3. q[\ - a) + a. Take v as the volume and s the sp gr of 

the material of which the bottle is made, and V its 
capacity (See Ex 2, Art 118 ) 

. b -ca 

4. - 

a 

5. The fluid pressure at any level depends on the height of 

the water column, and not on the presence of solids 


EXAMPLES. 16. 

1. 10 cm. 2. 3. 62 grammes 4. 99 . 106 

6. Graduationswill be at distances° , from O (Pig. 69), 

where OA =o. r r r 

7. Sp. gr =--, where w, w,, u’o, w„ are the 

^ ® +14) - Wj • 8> 3 

weights placed on the upper pan along with (1) nothing 
else, (2) the solid on the upper pan, (3) the solid and 
the sinker m the lower cup, and (4) the sinker in the 
lower cup 

W -P 

8. The ratio is , where W is the weight of the whole 

instrument and P that of the part removed. 


10. See Ex 1, Art 129. Assume, moreover, that V is the 
volume of the solid. 


12 . a 


w ■ 
w. 


w -w, 
Sj + - - - 
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13. Area of the crof3S-S6ction=;-? where x la the dis- 

(a +bxp 

tance of the section from the top and a, b, c are 
some constants Take x, x + dx, x + 2dx, , and s, 
s+da, a+ 2ds, . as corresponding values of x and the 

ds 

sp. gr., so that the differential coefficient ^ would be 
a constant 

14. t. Assume and s to be the volume and the sp.gr. 
of the weight attached , also V to be the volume of 
the water used to be displaced by the hydrometer. 
Two equations can be obtained, by the prmciple of 
Archimedes, tor each liquid ; whence one equation 

involving s and the sp. gr. of the liquid can be 

easily obtamed for each liquid. 


EXAMPLES. 17. 


2. The pressure of the (enclosed) air is greater than the water 
pressure at the hole 


3. The followmg fractions of the volume of the bell : 


(0 


4h - 3d 
il/i. 


( 11 ) 


31h-21d 
" 14411 ■ 


4. 300 cu. in. 7. (h' - h) (^q+ 

8 . 46 83 ft nearly 9 D- 13- 

12. The sp gr of hca-wator, \iz cr>l. Let x, x' bo the 
lengths of air < ohiinii m the two cases. Thence 

a:® 4 (In a):i -=x'^a + (h +aa)x' < x'^a^ + {h +a)x'a'. 
Therefore x < x'a Use (5) of Art. 133. 


EXAMPLES. 18. 

1. 22 58 ft. and 33 20 ft nearly 2. 25 98 ft. nearly. 

3. Show that x^, as obtained from (7) and the next equation 

of Art. 136, IS greater than a, 

4. 3-1. 


S H. 


Q 


6 . 16. 
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6. When the distance of the piston from the top of the 

/ F \" 

barrel is (j times its length. 

7. ^ of the density of the atmospheric air. 

11. ^ 1 times the initial pressure. 

Ln(a + 6+c)+6+cJ ‘ 

12 Pressure at the topmost point of the siphon due to the 
arm dipinng in the vessel must exceed that due to the 
other arm in order that the action of the siphon may 
continue ; the pressure of the air withm the vessel 
diminishes as water flows out. 

14. See Ex 2, Art 112 

15. See Exs. 2 and 3, Art 150 , prove that p < - ^ ^ P 

16. Assume p,, q, to be the densities after 1, 2, strokes; 

O A 

g„ will be equal to p ■’'T+B ' ^ ’ 


17. Use a method similar to Q 16 Show that ^<1, therefore, 
when n is inhnitely large, «”=0, and the limiting 
CC^ 

density = ^ ^ 2, Art 150) 


18 See Q 6 and Art 141 
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